
ME-410/EE-396

Probabilistic Methods in Robotics and Control

Problem Set # 3

Summer 2011, KAUST

Due Date : July 23, 2011 in class. (10% penalty for each extra day)
Total Points : 100.

Problem Setup

Consider a one-dimensional constant velocity motion model for a robot given
by

xk+1 =
(

1 T
0 1

)
xk + wk.

A GPS-type sensor measures the position of the robot. The sensor model is

yk = [1 0]xk + vk.

The process noise covariance matrix (as derived in class) is given by

Qk = σ2
w

(
T 3/3 T 2/2
T 2/2 T

)
.

The measurement covariance Rk = σ2
v .

Model Simulation

1. Assume σ2
w = 0.01 and σ2

v = 0.1. With T = 1, write a simulation of the
system starting at rest x0 = [0 0]T .

2. Use a pseudo-random generator to draw samples for the process noise.
Generate 30 trajectories each of 10 steps and save them. Now draw a
cluster plot of all trajectories superimposed on each other in the two di-
mensional state space. (It will be best to observe this as a sequence of
cluster plots, draw separately for each time step).

3. Now calculate the mean x̄k and covariance Ck of the true state at each
step, starting with P0 = 0 (since we always start with a known rest state).
Use the expression of Ck to draw 3σ confidence ellipses at each step and
compare with the cluster plot from the previous step.
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4. What do you deduce from this about estimating the state without any
sensing?

Caution. These are not the estimates of the state but the pdf of the true
state from a computer simulation. Do not confuse x̄k, Ck with x̂k, Pk of
the estimator.

Filtering

We assume that the model is perfectly known to the estimator. The system
however can start from any initial (unknown) state. Assume that same noise
statistics as suggested above.

1. Run a simulation model of the system to generate a true state trajectory
which is hidden from the estimator. Now corrupt it using the sensor model
given above.

2. Setup the Kalman filter equations and run the estimator for at least ten
measurements. The filter has no information about the initial state.

3. Plot the true position, estimated position and the measurements as func-
tions of time on the same graph. Comment on the filter performance by
eye-balling the data.

4. Plot the true velocity and estimated velocity as functions of time on the
same graph. Comment on the filter performance by eye-balling the data.

5. On a two-dimensional state-space, draw the evolution of the estimated
state mean and covariance ellipses. Comment on the filter performance
for both position and velocity.

Performance verification / Filter Tuning

1. Plot the evolution of the Kalman gain matrix and comment on its variation
with time.

2. Plot the magnitude of the innovation term |yk −Hkx̂−k | as a sequence of
time along with bounds ±3

√
Sk where Sk is the expected covariance term

associated with the innovation. Verify that the innovation terms (mostly)
stay within the suggested bound. This is a test to verify that the filter is
performing its task.

3. Once successful, repeat all of the above steps by trying various numerical
values of process and measurement noise. Summarize your findings in a
tabular form and comment on filter performance limits.

Note. We are still assuming perfect knowledge of the model and noise statistics.
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Model Mismatch / Filter Tuning

1. Now fix the noise covariances of the true model at the levels suggested at
the beginning. Vary the estimator’s assumption about the process noise
statistics and study the performance degradation due to this mismatch.
Record your findings in a tabular form.

2. Repeat the previous step with a mismatch of sensor noise statistics, keep-
ing all other assumptions to be perfect.

3. Revert back to original noise statistics and their perfect knowledge by the
estimator. Introduce a model mismatch by offsetting each entry F (i, j) of
the system matrix by the formula (1 + ε)F (i, j). Try various values of ε
and record your findings.

4. Do the same for the measurement model. In particular, observe what
happens when H = [0 ε], i.e. you get velocity measurements only.
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