
ME-410/EE-396

Probabilistic Methods in Robotics and Control

Problem Set # 2

Summer 2011, KAUST

Due Date : July 9, 2011 in class. (10% penalty for each extra day)
Total Points : 100.

Problem 1 (10 Points)

For a matrix (
a b
b c

)
find the conditions under which

1. The eigenvalues are real.

2. Suppose that a, b and c are real and positive. Find the range of b for
which the matrix is positive definite.

3. Deduce the ranges of a, b and c under which the matrix can be interpreted
as an auto-covariance matrix of a vector random variable.

Problem 2 (30 Points)

Consider a robotic mechanical linkage with configuration space S1 × S1, whose
two joints are actuated by servo motors. The dynamics of the two joints are
similar and given by

θ̈i(t) + bθ̇(t) = Ti(t); i = 1, 2;

where θi is the joint angle, Ti is the torque applied by the respective motor
and b is a frictional parameter. On each joint, there is also mounted an optical
encoder that measures the joint angle θi.

1. Ignorong the effects of noise and disturbances, write down the full state
space model of the robot.

2. For what values of b is the robot asymptotically stable? Repeat for Lyu-
panov stability. What does this mean physically?
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3. Fix b = 1. Determine whether the robot state is observable by the given
sensors.

4. Fix b = 1. Check whether the robot is controllable by the given control
actuators.

5. Discretize the robot model by sampling the model every 1sec. Assume
b = 1. Obtain a discrete state space model of the robot.

6. Use a computer software to simulate the motion of the robot on the
toroidal configuration space while obeying these dynamics. Use the torques
T1(t) = sin(t), T2(t) = cos(2t). Initialize the two angles at 45 degrees.
Also, assume that the joints are initially at rest (zero speed). What will
be your sensor readings?

7. Determine controllability and observability of the discrete model.

8. Will the observability of the robot change if we remove the optical encoders
and fit the joints with tachometers?

Problem 3 (20 Points)

Use the algorithm described in Section 2.7 of Simon to generate 50 random
samples for each of the following Gaussian random variables. Also, plot the 1-σ
uncertainty ellipses centered at the mean for each case. (Attach printouts of
your plots)

1. X̂ = 1, Q = 3.

2. X̂ = [1,−1]T , Q = diag(10, 10).

3. X̂ = [0, 0]T , Q =
(

2.88 3.08
3.08 7.96

)
.

4. X̂ = [1, 1,−1]T , Q =

 10.3333 −4.1667 3.0000
−4.1667 2.3333 −1.5000
3.0000 −1.5000 1.0000
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