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Abstract

In this thesis, some properties of monocular or bearing-only SLAM have been in-
vestigated for a planar robot. An observability analysis can be used to determine
necessary conditions for the error to converge in an EKF. However, such an analysis
is too complex to be carried out even by a computer algebraic package in its fully non-
linear form. Such an analysis for low dimensional state spaces has been presented here
where the robot is restricted to move on a line in a 2 dimensional world. During this
analysis it is observed that including disparity as a separate measurement influences
the observability of the system. Taking inspiration from this, an EKF for monocular
SLAM has been setup and the effects of including disparity measurements have been
investigated in simulation. In the process, the fact that the disparity measurement
is dependent on the previous state, has been catered for by generalizing the EKF
in the basic bayes filter framework. As a metric for observability, the eigenvalues of
the state covariance matrix have been used. The results suggest that including dis-
parity measurements in monocular SLAM increases observability in the state space,
especially the states representing the pose of the robot.
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Chapter 1

Introduction

Simultaneous Localization And Mapping or SLAM refers to the problem of a robot

simultaneously building a map of the environment and using that map to keep track

of its location at all times. The ability of solving the SLAM problem is essential for

any mobile robot which is required to operate autonomously to some extent. Since

the idea was first presented [18], SLAM has been studied and implemented in many

mathematical frameworks most of which are direct or indirect forms of the Kalman,

particle or basic bayes filter. Apart from various mathematical frameworks, SLAM

has been studied and developed using many different sensors which include but are

not limited to laser range finders, sonars, infra red sensors, cameras and even wifi.

A camera is a very attractive choice for using as a sensor in SLAM because of its

low cost, minimal hardware and the amount of information that can be extracted from

its reading. The first ever monocular SLAM system developed by Davison [5] used the

Extended Kalman Filter (EKF) framework for SLAM while using the particle filter

independently for feature initialization. Since then, the EKF framework has remained

more or less the same with improvements being made in feature initialization, loop

closing, depth parameterization and so on.

A camera reading gives the projection of a point feature on the image plane of the

camera. The measurement system is shown in Figure 1-1. It can be seen that given the

projective measurement of a point feature on the image plane, one is able to tell the

ray along which the feature lies in 3D but the depth along that ray is unknown hence
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the term bearing-only SLAM. Thus there is an inherent loss of information which is

not present in range finding sensors like lasers and sonars. This generates a question

of the extent to which projective measurements can reconstruct the state (robot

pose and map). Although successful implementation of such a system may indicate

empirically that SLAM is possible through projective or bearing measurements only,

a theoretical analysis is necessary to gain an overall understanding of the properties

of the system.

y

u

x

f

u = −f xy

Figure 1-1: Projective measurement of a landmark on the image plane of a camera

Control theorists carry out such analysis by studying the observability of such

systems. Observability answers exactly the question of whether or not state recon-

struction is possible, given the system dynamics and sensor model. Such analysis have

been carried out in various forms for concluding whether or not monocular SLAM is

observable. Criteria for observability have also been used to answer questions like how

many landmarks must the robot observe in order to preserve observability, and given

a placement of landmarks which parts of the environment constitute the observable

subspace for monocular SLAM.

An observability analysis amounts to checking the rank of a certain observability

matrix. While the construction of this matrix is fairly straight forward for linear sys-

tems, it is slightly more involved for nonlinear ones. Whereas nonlinear observability
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conditions for SLAM using other sensors have been calculated in the past, a fully

nonlinear observability analysis for monocular SLAM has not yet been carried out at

least to the author’s knowledge. Chapter 3 of this thesis gives a bottom up observ-

ability analysis starting from the simplest case possible (localization in a 1D world)

to a 1.5D scenario (SLAM in a 2D world with motion restricted along a straight line).

An observability analysis for the full 2D case is computationally too complex even for

a computer algebraic package.

Another type of measurement which can be provided by a camera is disparity.

Disparity gives the difference between the projection of a point on the image planes of

2 row aligned cameras. A visual representation of the disparity measurement is shown

in Figure 1-2. It can be seen that while projective measurements give information

about the bearing to a point, disparity gives information about the depth. Disparity

is commonly measured by a stereo camera pair. However as in the case of monocular

SLAM where only one camera is available, disparity is measured by the same camera

but at different different positions in time. Such stereo is commonly known as wide

baseline stereo or motion stereo. In Chapter 3 it has been shown theoretically that

including disparity along with projective measurements in monocular SLAM, does

indeed effect its observability.

u2
disp= u2 − u1

u1

Figure 1-2: The disparity measurement of a landmark
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If disparity measurements are extracted from a single camera in the motion stereo

setup, it is dependent on the location of the camera during the last time step. Thus

disparity is a measurement that is dependent on previous state variables. The stan-

dard Kalman Filter however assumes that the measurement is dependent only on

the current state. In Chapter 4, the effect of such a dependence has been calculated.

This has been done by deriving the Extended Kalman filter from the basic Bayes filter

following the outline of the proof given in [22]. It turns out that this dependence will

cause an increase in the measurement noise covariance. This increase depends on the

process noise covariance and state dynamics.

After the EKF has been derived for measurement models dependent on the pre-

vious state, a simulation has been implemented to compare monocular SLAM with

and without disparity measurements. It has been shown in [8] that the degree of

observability can be seen by the magnitude of the eigenvalues of the state covariance

matrix. Thus the trace of the covariance matrix has been used to compare between

both cases. A decrease in the trace has been observed both for the robot location, and

map variables. The decrease in the trace for the map is significantly lower than that

of the robot pose, which makes this technique quite suitable for monocular SLAM

setups in which maps are maintained by separate high level algorithms anyway.
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Chapter 2

Related work

This chapter Includes a discussion of prior work related to this thesis.

2.1 Observability of Monocular SLAM

All practical monocular SLAM systems are inherently non-linear. Criteria of observ-

ability for non-linear systems were presented first by Hermann and Krener in 1977 [9].

The criteria is equivalent to calculating the rank of an observability matrix. However,

this matrix is extremely complex to construct for systems of our interest and hence

as of yet, a complete non-linear analysis for monocular SLAM has not been carried

out, at least to the author’s knowledge. However, researchers have carried out work

in this domain by geometrical reasoning, simulation or approximating the system to

some workable form.

2.1.1 For a localizing robot in 2D

Bonnifait and Garcia in their work [4] have considered a 2-D mobile robot which

uses odometry and azimuth angles of known landmarks or beacons placed in the

environment in order to localize itself. This is not a SLAM problem, but a local-

ization problem. However, it is of interest over here because of the bearing-only

measurements. Bonnifait and Garcia have conducted an observability analysis using
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the criteria presented in [9] and also through a geometric reasoning.

For the case in which the robot observes only 1 beacon, they find the system unob-

servable. For the case of 2 beacons, the system is always unobservable if the robot is

stationary. If the robot is moving, they find the system observable for all locations

except the 3 lines given in Figure 2-1. For the case of 3 beacons, if the robot is sta-

tionary, the system is unobservable only if the robot is located on the circle shown in

Figure 2-2. If it is moving, the system is observable everywhere, including this circle.

B1 B2

∆1 ∆2

∆3

Figure 2-1: While observing 2 landmarks and in motion, the robot cannot localize if
it is moving on ∆1, ∆2 or ∆3.

Figure 2-2: The circle defined by the 3 beacons. The robot cannot localize if it is
stationary and on this circle.
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2.1.2 Piecewise constant approximated bearing only SLAM

Vidal-Calleja et al, give an observability analysis for a 2-D bearing-only SLAM process

in their work [25]. They evaluate the observability criterion analytically by performing

the following steps

• Recast the SLAM filter in its error form so that instead of estimating the state

directly, the filter estimates the error in the state.

• Model the recasted system as piecewise continuous in the time domain. The

same procedure has been described in detail by Kim and Sukkarieh for inertial

SLAM [10].

• Use the observability analysis of piecewise constant systems as given by Goshen-

Meskin and Bar-Itzhack [7].

The observability rank criterion for piecewise constant systems is evaluated on a cer-

tain “stripped” observability matrix (SOM). Observability may be calculated over a

single time segment (the interval during which the system dynamics are constant) or

over multiple time segments. Vidal-Calleja et al extend the analysis further to calu-

late the instantaneous unobservable modes of the system and also the unobservable

directions in the state space. The latter is done by observing the null space of the

SOM. They perform the analysis for 3 different scenarios and get the following results

• world centric model: In this scenario, the robot performs absolute coordi-

nates SLAM. If only a single landmark is being sensed by the robot, the following

is observed

– Over a single time segment, the robot orientation is the only observable

state. The nullspace basis of the SOM (which represent the unobservable

directions) is orthogonal to the orientation state. This applies only if

the robot is in motion. If it is stationary, then the orientation becomes

unobservable.

7



– Adding more time segments to the SOM reduces the dimension of the

unobservable subspace, but the process remains only partially observable

no matter how many time segments are considered.

• world centric with anchors: In this scenario, the robot is provided with

features whose locations are known beforehand (anchors). These are the same

types of features that are reffered to as beacons in this thesis. It is found in

this case that the SLAM process is observable over 2 time segments if at least

1 anchor is available.

• sensor centric model: In this scenario, the robot performs SLAM in relative

coordinates. Note that no assumption on the availability of beacons has been

made. The following results are obtained

– The sytem is unobservable over a single time segment.

– The system becomes fully observable over 2 time segments. The 2 excep-

tions for this are when the robot undergoes purely rotational motion, or

when one of the features exactly aligns with the line of sight of the robot.

2.1.3 Unobservable configurations for positioned based vi-

sual servoing

Tribou et al [23] have considered the pose estimation problem for a position based

visual servoing system. The setup consists of a camera being mounted on the end-

effector of a robot, to keep track of the pose (position and orientation) of a mov-

ing target relative to the camera coordinate frame. The problem directly relates to

monocular SLAM in relative coordinates. The observability analysis in this work

focuses on deriving unobservable configurations over the state space. This problem

differs from the one considered by Vidal-Calleja et al [25] because Vidal-Calleja et al

have modelled the robot dynamics with a unicycle whereas Tribou et al have used a

constant velocity model. The unobservable subspace of the unicycle is a subspace of

the unobservable subspace of the constant velocity model.
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The estimated state here consists of the tracked object’s position and orientation.

The orientation is reconstructed from multiple points located on the object. Two

different scenarios are considered

• known object model observability: In this scenario, the model of the object

is given in terms of the coordinates of a set of points on the body, relative to its

local frame. The system is linearized at each point and observability is evaluated

using the criterion for linear systems. The following results are obtained

– If the point features and camera center lie on a common circle, the system

is unobservable. This is the same circle shown in Figure 2-2.

– The system is also unobservable if the depth of any of the feature points

goes to infinity.

– The sytem is observable everywhere else.

• unknown object model observability: In this scenario, the model of the

object is not known, and all feature points on the model are being tracked by

the camera. The peicewise constant systems observability theory of [7] has been

used over here whereby observability is evaluated by calculating the rank of the

stripped observability matrix. The following results are obtained

– The system is always unobservable over a single time segment.

– The system is unobservable over 2 time segments if the depth of any of the

feature points goes to infinity.

– The system is unobservable over 2 time segments if the projection of the

first feature point on the image plane of the camera remains same during

both time segments.

– The system is unobservable over 2 time segments if the camera undergoes

a pure rotational motion or when the feature points are collinear and so

give the same projective measurements at both time segments.

– For 2 time segments, the system is observable everywhere else.

9



2.2 Combining disparity and projective measure-

ments

While performing SLAM from a camera(s), there is a choice between using a single

camera only, or a stereo pair. Single camera systems use the projective measurements

of Figure 1-1 and stereo pair systems use the disparity measurements of Figure 1-

2. Many SLAM systems have successfully been implemented separately for both.

The suggestion for using both measurements in in a single system was given by

Sola et al [19]. However, Paz et al [14] were the first to implement a visual SLAM

system combining both types of measurements. Their paper [14] also contains a brief

comparison between monocular and stereo SLAM systems.

• Monocular SLAM systems: Such systems are capable of detecting very

distance features. However, the overall system is observable only up to a scale

factor. The scale is determined either by observing some known features (like a

calibration procedure) or by providing the scale manually. Over a large period

of time, drift in scale can occur. This drift can be fixed by applying map

corrections separately like in hierarchical SLAM.

• Stereo vision SLAM systems: Stereo camera pairs provide measurements

scaled according to their baseline. The baseline is determined beforehand during

calibration and so the scale ambiguity inherent in monocular systems is not

present here. However, stereo fails to provide informative measurements for

features that are located at large distances and hence, do not adapt well to

large scale outdoor environments.

Paz et al use a hand-held stereo camera pair for SLAM. The stereo provides 3D

information about nearby points and each camera individually provides bearing only

information about distant points. The stereo pair is calibrated and hence it provides

the scale which was otherwise unobservable by using the single cameras alone.
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2.3 Motion stereo for terrain mapping on the Mars

exploration project

As mentioned in Section 2.2, stereo vision does not provide meaningful measurements

for distant objects. This is because disparity approaches zero as the depth of the fea-

ture approaches infinity. Disparity can be increased for a distant object by increasing

the baseline of the stereo camera pair. As the environment to map grows larger and

larger, the required length of the baseline becomes physically impossible to construct.

An alternative solution to this is wide-baseline stereo also known as motion stereo.

In conventional stereo, there are two physically separate cameras linked together by

a rigid baseline, taking snapshots at the same point in time. In motion stereo there is

a single camera which takes a snapshot at one location and then moves to another lo-

cation and takes another snapshot. The two images are regarded as being taken from

a stereo camera pair at the same instant in time. It is assumed that the environment

is static, at least during the time it takes to move the camera from one location to the

other. And so, we have a virtual baseline which can become larger than a physically

constructed baseline for conventional stereo, hence wide-baseline stereo.

Not much literature exists for the consideration of motion stereo for monocular

SLAM. Olson and Abi-Rached have explained an implementation of motion stereo for

terrain mapping [13]. They have done this for the mars exploration project in which

the terrain to be mapped is at large distance from the robot and so conventional stereo

is not feasible. They mention the following concerns while implementing motion stereo

• The baseline between the two camera positions is not known precisely due to

the uncertainty induced due to the motion of the robot. This is in contrast to

conventional stereo in which the baseline is known exactly.

• Motion stereo systems are meant for large changes in viewpoints. This means

that their is very less overlap between the images used for stereo reconstruction.

In the work presented in [13], the authors have dealt with both of the issues. For un-

certainty in baseline, they employ a motion refinement algorithm to reduce the error,
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and use template matching techniques to deal with increased change in appearance

between the stereo image pairs.

2.4 Observability of the Kalman Filter

Reif et al [15] have shown that the error in the Extended Kalman Filter remains

bounded if the system satisfies the non-linear observability rank condition given in

[9] and the initial errors and disturbing noise terms are small enough. As mentioned

earlier, this criterion may become too complex to evaluate for a typical monocular

SLAM system.

Another metric for observability of the Kalman Filter has been presented by Ham

and Brown [8] in terms of the eigenvalues of the state covariance matrix obtained

from the Kalman Filter estimate. Ham and Brown show that the eigenvector with

the largest eigenvalue represents the least observable direction in the state space,

whereas the eigenvector with the smallest eigenvalue represents the most observable

direction. The magnitude of the eigenvalue can be thought of as representing the

“degree” of observability in that particular direction. This study has been utilized

in this thesis for comparing observability between different approaches for monocular

SLAM.
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Chapter 3

Observability for a Monobot

performing monocular SLAM

This chapter presents an observability analysis of monocular SLAM for a monobot.

The ”monobot” is a robot with a 1D configuration space. It is capable of moving only

along a single line. A bottom up approach is used i.e an extremely simple scenario

is assumed at first (monobot localizing in a 1D world), and degrees of freedom are

added one by one to the problem with the observability being calculated for each

scenario. The observability criterion though easy to calculate in the first few cases,

becomes more and more difficult as the system progresses towards full 2D monocular

SLAM. The analysis is left at the case after which the observability criterion is not

calculable analytically (monobot performing SLAM in a 2D world). Although these

calculations (especially for the first few cases) may seem trivial to an experienced

individual, the analysis in this bottom up manner is insightful and in the author’s

view, carries a tutorial value for someone new to this problem. Observability criteria

for linear and nonlinear systems are defined on the fly as the need for them arises.

The constant velocity model [2] has been used throughout for modeling the system

dynamics
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3.1 The observability criterion for linear systems

Consider the following discrete time system

Xk = FXk−1

Yk = HXk

(3.1)

Note that there is no assumption about control input in the system. This is because

the systems dealt with in this thesis are assumed to be of such type only.

The system of Equation 3.1 is said to be completely observable if every state X0

can be determined from observation of the measurement Yk over a finite number of

time steps. This is a fundamental concept for modern control and its treatment and

description can be found in many control systems textbooks [12, 6, 20].

The given system is observable if the rank of the following observability matrix is full

O =




H

HF

HF 2

...

HF n−1




where n is the dimension of the state vector. This is the observability rank criterion

for linear systems.

3.2 Case 1: Monobot localizing in a 1D world

Consider the robot contrained to move on a line and observing a single known land-

mark to estimate its position (Figure 3-1).

The state vector of the system is given by

Xk =




cxk

cẋk
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1
d

L1u0
L1u1 L1uk

cx0
cx1

y
x

L1x
L1

f

cxk

Figure 3-1: The monobot localizng in a 1D world. Known quantities are highlighted
in blue.

Process is taken to be the constant velocity model. It is given as

Xk = FXk−1 ⇐⇒




cxk

cẋk


 =


 1 ∆t

0 1






cxk−1

cẋk−1




The measurement is the projection of the landmark on the image plane and can be

found through similar triangles as

L1uk
L1x−c xk

=
f

1/d

L1uk = L1xfd− cxkfd

As the position of the landmark is known, the first term on the right hand side is

just a bias. With this term included, we cannot write the measurement as a linear

combination of the state variables. To do so, we define a new measurement

L1hk = L1uk − L1xfd = −cxkfd
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or in matrix form as

Yk = HXk ⇐⇒
[
L1hk

]
= [−fd 0]




cxk

cẋk




Hence for our process

F =


 1 ∆t

0 1


 ; H = [−fd 0]

The observability matrix will be given by

O =


 H

HF


 =


 −fd 0

−fd −∆tfd




The observability matrix turns out to be full rank and hence the process is observable.

Result: Monocular localization of the monobot in a 1D world is observable.

3.3 Case 2: Monobot performing SLAM in a 1D

world

Now assume that d remains known and L1x is unknown, i.e it is to be estimated

(Figure 3-2).

The state vector will now become

Xk =




cxk

cẋk

L1xk
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1
d

L1u0
L1u1 L1uk

cx0
cx1

y
x

L1x L1

f

cxk

Figure 3-2: The monobot performing SLAM in a 1D world

Process is taken to be the constant velocity model given as

Xk = FXk−1 ⇐⇒




cxk

cẋk

L1xk


 =




1 ∆t 0

0 1 0

0 0 1







cxk−1

cẋk−1

L1xk−1




The measurement is given by

L1uk =L1 xfd− cxkfd

or in matrix form as

Yk = HXk ⇐⇒ Yk = [−fd 0 fd]




cxk

cẋk

L1xk
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Hence for our process

F =




1 ∆t 0

0 1 0

0 0 1


 ; H = [−fd 0 fd]

The observability matrix will be given by

O =




H

HF

HF 2


 =




−fd 0 fd

−fd −∆tfd fd

−fd −2∆tfd fd




So the observability matrix is rank deficient.

Result: Monocular SLAM of the monobot in a 1D world is unobservable.

3.4 Case 3: Monobot performing SLAM in 1D

with a beacon

The same scenario as Case 2 is assumed except that a known landmark (beacon) has

now been added (Figure 3-3).

The state vector will now become

Xk =




cxk

cẋk

L2xk




Process is taken to be the constant velocity model given as

Xk = FXk−1 ⇐⇒




cxk

cẋk

L2xk


 =




1 ∆t 0

0 1 0

0 0 1







cxk−1

cẋk−1

L2xk−1
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1
d

L1u0

cx0
cx1

y
x

L1x L1

f

cxk

L2x

L2

L2u0
L2u1 L2uk

L1u1 L1uk

Figure 3-3: The monobot performing SLAM in 1D with a beacon. Known quantities
are highlighted in blue and the beacon is shown in yellow.

We now have two measurements. They are given by

L1hk = L1uk − L1xfd = −cxkfd (3.2)

L2hk = L2uk = L2xkfd− cxkfd (3.3)

or in matrix form as

Yk = HXk ⇐⇒




L1hk

L2hk


 =


 −fd 0 0

−fd 0 fd







cxk

cẋk

L2xk




Hence for our process

F =




1 ∆t 0

0 1 0

0 0 1


 ; H =


 −fd 0 0

−fd 0 fd
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The observability matrix will be given by

O =




H

HF

HF 2


 =




−fd 0 0

−fd 0 fd

−fd −∆tfd 0

−fd −∆tfd fd

−fd −2∆tfd 0

−fd −2∆tfd fd




The observability matrix has full rank and hence the process is now observable.

Result: Monocular SLAM of the monobot in a 1D world with a single beacon is

observable.

3.4.1 For a general number of landmarks

It is discovered over here, what will the observability of the same case be if the robot is

observing any number of landmarks. Will one beacon be enough? Consider a scenario

with i number of landmarks. Out of these i landmarks, one is perfectly known and

is not included in the state vector. It can be seen that the system matrices will be

given as

Yk = HXk ⇐⇒




L1hk

L2hk

L3hk
...

Lihk



i×1

=




−fd 0 0 0 · · · 0

−fd 0 fd 0 · · · 0

−fd 0 0 fd · · · 0
...

...
...

...
...

...

−fd 0 0 0 · · · fd



i×(i+1)




cxk

cẋk

L2xk
...

Lixk




(i+1)×1
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and

Xk = FXk−1 ⇐⇒




cxk

cẋk

L2xk
...

Lixk




(i+1)×1

=




1 ∆t 0 0 · · · 0

0 1 0 0 · · · 0

0 0 1 0 · · · 0
...

...
...

...
...

...

0 0 0 0 · · · 1




(i+1)×(i+1)




cxk−1

cẋk−1

L2xk−1

...

Lixk−1




(i+1)×1

For i landmarks, the system is of order i+ 1 and hence the observability matrix will
be given by

O =



H

HF

HF 2

..

.

HF i


=



−fd 0 0 0 · · · 0

−fd 0 fd 0 · · · 0

−fd 0 0 fd · · · 0

...
...

...
...

...
...

−fd 0 0 0 · · · fd

−fd −∆tfd 0 0 · · · 0

−fd −∆tfd fd 0 · · · 0

−fd −∆tfd 0 fd · · · 0

...
...

...
...

...
...

−fd −∆tfd 0 0 · · · fd

−fd −2∆tfd 0 0 · · · 0

−fd −2∆tfd fd 0 · · · 0

−fd −2∆tfd 0 fd · · · 0

..

.
...

...
...

...
...

−fd −2∆tfd 0 0 · · · fd

...
...

...
...

...
...

−fd −i∆tfd 0 0 · · · 0

−fd −i∆tfd fd 0 · · · 0

−fd −i∆tfd 0 fd · · · 0

...
...

...
...

...
...

−fd −i∆tfd 0 0 · · · fd


(i+i2)×(i+1)

It can be observed that this matrix has full rank hence the process is observable.

Result: Monocular SLAM of the monobot in a 1D world and a single beacon is

observable for any number of landmarks.
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3.5 The observability criterion for non-linear sys-

tems

Consider the following non-linear discrete time system

Xk = f(Xk−1)

Yk = h(Xk)
(3.4)

Define a matrix G, given by

G =




L0
f (h1)

· · ·
L0
f (hp)

...

Ln−1
f (h1)

· · ·
Ln−1
f (hp)




where Lnf (hp) is the nth order Lie Derivative [17] of the scalar field of the pth mea-

surement with respect to the vector field f . The first order Lie Derivative is defined

as

Lfh = ∇h.f =

[
∂h

∂x1

· · · ∂h
∂xn

]



f1(x)
...

fn(x)




where

f : Rn → R
n is a vector field in R

n and h : Rn → R is a smooth scalar function.

By definition, the zeroth order Lie Derivative is given as,

L0
f (h) = h
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and the nth order Lie Derivative is given by

Lnf (h) =
∂

∂x

[
Ln−1
f (h)

]
.f

Next define a gradient operator d such that

dG =




dL0
f (h1)
...

dL0
f (hp)
...

dLn−1
f (h1)

...

dLn−1
f (hp)




this is in actual, the Observability matrix, which is given as

O = dG =




∂L0f (h1)

∂x1
· · · ∂L0f (h1)

∂xn
...

...
...

∂L0f (hp)

∂x1
· · · ∂L0f (hp)

∂xn
...

...
...

∂Ln−1
f (h1)

∂x1
· · · ∂L0f (h1)

∂xn
...

...
...

∂Ln−1
f (hp)

∂x1
· · · ∂Ln−1

f (hp)

∂xn




The system given by Equation 3.4 is observable if the rank of this matrix is full [1].

3.6 Case 4: Monobot performing SLAM in a 2D

world with a beacon

The same scenario as Case 3 is assumed. Now however, the parameter d is also to be

estimated. Thus the landmarks now have 2 degrees of freedom (Figure 3-4)

23



1
L2d

L1u0

cx0
cx1
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x

L1x
L1

f

cxk

L2x L2

L2u0
L2u1 L2uk

L1u1
L1uk

1
L2d

Figure 3-4: The monobot performing SLAM in a 2D world with 1 beacon. Known
quantities are highlighted in blue.

The state vector is now be given by

Xk =




cxk

cẋk

L2xk

L2dk




The process is still linear (constant velocity) and will be given by




cxk

cẋk

L2xk

L2dk




=




1 ∆t 0 0

0 1 0 0

0 0 1 0

0 0 0 1







cxk−1

cẋk−1

L2xk−1

L2dk−1
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We represent this with the vector field g (f is being used for the focal length) given

by in the current case, the vector function f is given as,

g =




cxk + ∆tcẋk

cẋk

L2xk

L2dk




The two measurements are given by the following functions

L1hk = L1uk − f L1x L1d = −f L1d cxk

L2hk = L2uk = −f cxk
L2dk + f L2xk

L2dk

For the given dimensions of the measurement and state vectors, the observability

matrix in this case will be given by

O =




∂L0g( L1hk)

∂x1

∂L0g( L1hk)

∂x2

∂L0g( L1hk)

∂x3

∂L0g( L1hk)

∂x4
∂L0g( L2hk)

∂x1

∂L0g( L2hk)

∂x2

∂L0g( L2hk)

∂x3

∂L0g( L2hk)

∂x4
∂L1g( L1hk)

∂x1

∂L1g( L1hk)

∂x2

∂L1g( L1hk)

∂x3

∂L1g( L1hk)

∂x4
∂L1g( L2hk)

∂x1

∂L1g( L2hk)

∂x2

∂L1g( L2hk)

∂x3

∂L1g( L2hk)

∂x4
∂L2g( L1hk)

∂x1

∂L2g( L1hk)

∂x2

∂L2g( L1hk)

∂x3

∂L2g( L1hk)

∂x4
∂L2g( L2hk)

∂x1

∂L2g( L2hk)

∂x2

∂L2g( L2hk)

∂x3

∂L2g( L2hk)

∂x4
∂L3g( L1hk)

∂x1

∂L3g( L1hk)

∂x2

∂L3g( L1hk)

∂x3

∂L3g( L1hk)

∂x4
∂L3g( L2hk)

∂x1

∂L3g( L2hk)

∂x2

∂L3g( L2hk)

∂x3

∂L3g( L2hk)

∂x4
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After calculating the Lie Derivatives, G turns out to be,

G =




−f L1d cxk

−f cxk
L2dk + f L2xk

L2dk

−f L1d cxk −∆tf L1d cẋk

−2f cxk
L2dk −∆tf cẋk

L2dk + 2f L2xk
L2dk

−f L1d cxk − 2∆tf L1d cẋk

−4f cxk
L2dk − 4∆tf cẋk

L2dk + 4f L2xk
L2dk

−f L1d cxk − 3∆tf L1d cẋk

−8f cxk
L2dk − 12∆tf cẋk

L2dk + 8f L2xk
L2dk




The Observability Matrix will then be,

O = dG =




−f L1d 0 0 0

−f L2dk 0 f L2dk −f cxk + f L2xk

−f L1d −∆tf L1d 0 0

−2f L2dk −∆tf L2dk 2f L2dk −2f cxk −∆tf cẋk + 2f L2xk

−f L1d −2∆tf L1d 0 0

−4f L2dk −4∆tf L2dk 4f L2dk −4f cxk − 4∆tf cẋk + 4f L2xk

−f L1d −3∆tf L1d 0 0

−8f L2dk −12∆tf L2dk 8f L2dk −8f cxk − 12∆tf cẋk + 8f L2xk




We see that this matrix has full rank for all physically realizable values of the state

variables.

Result: Monocular SLAM of the monobot in a 2D world and a single beacon is

observable.
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f
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L2u0
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1
L1d

L2dispk =
L2uk − L2uk−1

Figure 3-5: The monobot performing SLAM in a 2D world with motion stereo

3.7 Case 6: Monobot performing SLAM in a 2D

world with disparity measurements

We now assume the same scenario as Case 4 except that we now use disparity (motion

stereo) as an additional measurement to calculate depth (Figure 3-5).

The process model will be the same




cxk

cẋk

L2xk

L2dk




=




1 ∆t 0 0

0 1 0 0

0 0 1 0

0 0 0 1







cxk−1

cẋk−1

L2xk−1

L2dk−1
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We now have three non-linear measurements, the third one being disparity for the

estimated landmark

L1hk = L1uk − f L1x L1d = −f L1d cxk

L2hk = L2uk = −f cxk
L2dk + f L2xk

L2dk

L2dispk = L2uk − L2uk−1 = f(− cxk + cxk−1) L2dk

= −f cxk
L2dk + f cxk−1

L2dk

(3.5)

The Observability Matrix for this system will then be given as

O =




∂L0f ( L1hk)

∂x1

∂L0f ( L1hk)

∂x2

∂L0f ( L1hk)

∂x3

∂L0f ( L1hk)

∂x4
∂L0f ( L2hk)

∂x1

∂L0f ( L2hk)

∂x2

∂L0f ( L2hk)

∂x3

∂L0f ( L2hk)

∂x4
∂L0f ( L2dispk)

∂x1

∂L0f ( L2dispk)

∂x2

∂L0f ( L2dispk)

∂x3

∂L0f ( L2dispk)

∂x4
∂L1f ( L1hk)

∂x1

∂L1f ( L1hk)

∂x2

∂L1f ( L1hk)

∂x3

∂L1f ( L1hk)

∂x4
∂L1f ( L2hk)

∂x1

∂L1f ( L2hk)

∂x2

∂L1f ( L2hk)

∂x3

∂L1f ( L2hk)

∂x4
∂L1f ( L2dispk)

∂x1

∂L1f ( L2dispk)

∂x2

∂L1f ( L2dispk)

∂x3

∂L1f ( L2dispk)

∂x4
∂L2f ( L1hk)

∂x1

∂L2f ( L1hk)

∂x2

∂L2f ( L1hk)

∂x3

∂L2f ( L1hk)

∂x4
∂L2f ( L2hk)

∂x1

∂L2f ( L2hk)

∂x2

∂L2f ( L2hk)

∂x3

∂L2f ( L2hk)

∂x4
∂L2f ( L2dispk)

∂x1

∂L2f ( L2dispk)

∂x2

∂L2f ( L2dispk)

∂x3

∂L2f ( L2dispk)

∂x4
∂L3f ( L1hk)

∂x1

∂L3f ( L1hk)

∂x2

∂L3f ( L1hk)

∂x3

∂L3f ( L1hk)

∂x4
∂L3f ( L2hk)

∂x1

∂L3f ( L2hk)

∂x2

∂L3f ( L2hk)

∂x3

∂L3f ( L2hk)

∂x4
∂L3f ( L2dispk)

∂x1

∂L3f ( L2dispk)

∂x2

∂L3f ( L2dispk)

∂x3

∂L3f ( L2dispk)

∂x4
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The matrix G turns out to be

G =




−f L1d cxk

−f cxk
L2dk + f L2xk

L2dk

−f cxk
L2dk + f cxk−1

L2dk

−f L1d cxk −∆tf L1d cẋk

−2f cxk
L2dk −∆tf cẋk

L2dk + 2f L2xk
L2dk

−2f cxk
L2dk −∆tf cẋk

L2dk + f cxk−1
L2dk

−f L1d cxk − 2∆tf L1d cẋk

−4f cxk
L2dk − 4∆tf cẋk

L2dk + 4f L2xk
L2dk

−4f cxk
L2dk − 4∆tf cẋk

L2dk + f cxk−1
L2dk

−f L1d cxk − 3∆tf L1d cẋk

−8f cxk
L2dk − 12∆tf cẋk

L2dk + 8f L2xk
L2dk

−8f cxk
L2dk − 12∆tf cẋk

L2dk + f cxk−1
L2dk




The Observability Matrix will then be,

O = dG =




−f L1d 0 0 0

−f L2dk 0 f L2dk −f cxk + f L2xk

−f L2dk 0 0 −f cxk + f cxk−1

−f L1d −∆tf L1d 0 0

−2f L2dk −∆tf L2dk 2f L2dk −2f cxk −∆tf cẋk + 2f L2xk

−2f L2dk −∆tf L2dk 0 −2f cxk −∆tf cẋk + f cxk−1

−f L1d −2∆tf L1d 0 0

−4f L2dk −4∆tf L2dk 4f L2dk −4f cxk − 4∆tf cẋk + 4f L2xk

−4f L2dk −4∆tf L2dk 0 −4f cxk − 4∆tf cẋk + f cxk−1

−f L1d −3∆tf L1d 0 0

−8f L2dk −12∆tf L2dk 8f L2dk −8f cxk − 12∆tf cẋk + 8f L2xk

−8f L2dk −12∆tf L2dk 0 −8f cxk − 12∆tf cẋk + f cxk−1
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we can see that the condition for violation of the observability rank criterion will be

cxk = cxk−1 = 0

this dictates that at least 2 different measurements (from different positions) of the

same landmark must be made in order to make SLAM observable in this case. This

can be interpreted as an initialization criterion of a landmark for inclusion in the

state vector. Hence this case is observable. However this is not a significant result

as this case was observable even without the disparity measurement. However if we

ignore the measurement of the beacon, our Observability Matrix turns out to be

O =




−f L2dk 0 f L2dk −f cxk + f L2xk

−f L2dk 0 0 −f cxk + f cxk−1

−2f L2dk −∆tf L2dk 2f L2dk −2f cxk −∆tf cẋk + 2f L2xk

−2f L2dk −∆tf L2dk 0 −2f cxk −∆tf cẋk + f cxk−1

−4f L2dk −4∆tf L2dk 4f L2dk −4f cxk − 4∆tf cẋk + 4f L2xk

−4f L2dk −4∆tf L2dk 0 −4f cxk − 4∆tf cẋk + f cxk−1

−8f L2dk −12∆tf L2dk 8f L2dk −8f cxk − 12∆tf cẋk + 8f L2xk

−8f L2dk −12∆tf L2dk 0 −8f cxk − 12∆tf cẋk + f cxk−1




which is still full rank. This means the motion stereo measurement has eliminated

the need for the beacon.

Result: Monocular SLAM of the monobot in a 2D world with disparity measure-

ments is observable even without the beacon.

3.8 The unsolvable cases

There are 2 cases yet to be considered before the full nonlinear observability analysis

can be done for general monocular SLAM in a 2D world. The 2 degrees of freedom

left to be added are the robot translation in the y direction and the robot rotation.

Adding any of these degrees of freedom to Case 5 makes the Obervability matrix
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Figure 3-6: Monocular SLAM in 2D with a cartesian robot (no rotation)

too complex to be computed analytically even by a symbolic editor like MATLAB or

Mapple. The Cases are depicted in Figures 3-6 and 3-7 and posed as open problems

to interested readers. Perhaps some method other than the brute force analysis can

be adopted like Lee et al have done in [11] for range and bearing SLAM.
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Figure 3-7: 2D monocular SLAM with full degrees of freedom.
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Chapter 4

A generalized EKF for

measurement models dependent on

the previous state

The model for the disparity measurement as shown in Equation 3.5 is dependent on

the previous and current states. However, the conventional Kalman filter assumes

that the measurement is dependent on the current state only. The Kalman filter is

rederived here for this case from the basic Bayes Filter following the method given by

Thrun et al in [22]. In the end, it will turn out that this dependence causes an increase

in the measurement noise covariance. The increase is dependent on the process noise

covariance and the function relating the current and previous states.

4.1 Definition of functions and variables

This section gives the notation which will be used throughout this chapter.
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4.1.1 Variables

Xk - The state vector at time step k

Xk−1 - The state vector at time step k − 1

µk - The control vector at time step k

Yk - The measurement vector at time step k

X̂k|k−1 - The estimate of Xk given k − 1 measurements

Pk|k−1 - The covariance of X̂k|k−1

X̂k|k - The estimate of Xk given k measurements

Pk|k - The covariance of X̂k|k

Ŷk - The expected measurement at time step k

Wk - The covariance of Ŷk

4.1.2 Functions

Motion Model

The motion or process model is given by

Xk = f(Xk−1, µk, ωk)

Where ωk is the process noise at step k. Its covariance is given by Qk. After lin-

earization we get the following form

Xk = f(X̂k−1, µk, 0) + FXk−1
(Xk−1 − X̂k−1) + Fωk

ωk

Where

FXk−1
- is the Jacobian of f w.r.t Xk−1

Fωk
- is the Jacobian of f w.r.t ωk
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Inverse Motion Model

The inverse motion model is given by

Xk−1 = g(Xk, µk, ωk)

Note that for same time steps, ωk has the same value as its instance appearing in the

motion model. After linearization we get

Xk−1 = g(X̂k, µk, 0) +GXk
(Xk − X̂k) +Gωk

ωk

Where

GXk
- is the Jacobian of g w.r.t Xk

Gωk
- is the Jacobian of g w.r.t ωk

This function can be simply written as the inverse of f(.).

Measurement Model

The measurement model is represented by

Yk = h(Xk, Xk−1) + vk

Where

vk is the sensor noise. Its covariance is given by Rk

After linearization we get

Yk = h(X̂k, X̂k−1) +HXk
(Xk − X̂k) +HXk−1

(Xk−1 − X̂k−1) + vk

Where

HXk
- is the Jacobian of h w.r.t Xk

HXk−1
- is the Jacobian of h w.r.t Xk−1
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4.2 Modified Extended Kalman Filter equations

The Extended Kalman Filter Equations for this type of measurement model are given

by

Prediction:

X̂k|k−1 = f(X̂k−1|k−1, µk, 0) (4.1)

Pk|k−1 = FXk−1
Pk−1|k−1FXk−1

T + Fωk
QkFωk

T (4.2)

Measurement Covariance:

Wk = Rk +HXk−1
Gωk

QkGωk

THXk−1

T (4.3)

Kalman Gain:

Kk = Pk|k−1HXk

T (HXk
Pk|k−1HXk

T +Wk)
−1 (4.4)

Correction:

X̂k|k = X̂k|k−1 +Kk(Yk − h(X̂k|k−1, X̂k−1|k−1)) (4.5)

Pk|k = (I −KkHXk
)Pk|k−1 (4.6)

The difference between the EKF equations for simple measurement models [16, 22, 2]

(not dependent on the previous state) and this one lies in the calculation in equation

(4.3). For simple measurement models, Wk would just have been equal to the sensor

noise Rk. And the rest of the equations would have remained unchanged.

4.3 Mathematical Derivation

The equations are derived first by extending the basic Bayes Filter Algorithm, to

include the previous state in the measurement step. Then the probability distributions

are solved for the required models. The conventional Bayes Filter algorithm is given
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by

Step 1: law of total probability

bel(Xk) = p(Xk|Y0:k−1, µk) =

∫
p(Xk|Xk−1, Y0:k−1, µk)p(Xk−1|Y0:k−1, µk)dXk−1

Step 2: Bayes rule

bel(Xk) = ηp(Yk|Xk, Y0:k−1, µk)p(Xk|Y0:k−1, µk)

To include the dependency of Yk on Xk−1 we include an intermediate step through

the theorem of total probability. Our algorithm is now given as follows

Step 1: law of total probability

bel(Xk) = p(Xk|Y0:k−1, µk) =

∫
p(Xk|Xk−1, Y0:k−1, µk)p(Xk−1|Y0:k−1, µk)dXk−1 (4.7)

Step 2: law of total probability

p(Yk|Xk, Y0:k−1, µk) =

∫
p(Yk|Xk, Y0:k−1, µk, Xk−1)p(Xk−1|Xk, Y0:k−1, µk)dXk−1 (4.8)

Step 3: Bayes rule

bel(Xk) = ηp(Yk|Xk, Y0:k−1, µk)p(Xk|Y0:k−1, µk) (4.9)

We begin our derivation, with this extended form of the Bayes filter

4.3.1 Part 1: Prediction

We begin with step 1 of the Bayes filter. Equation (4.7) has been rewritten here, with

the mean and covariances of the normal distributions appearing in this step, stated
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as well

bel(Xk) = p(Xk|Y0:k−1, µk) =

∫
p(Xk|Xk−1, Y0:k−1, µk)︸ ︷︷ ︸

N∼(Xk;f(X̂k−1,µk,0)+FXk−1
(Xk−1−X̂k−1);Fωk

QkFωk
T )

p(Xk−1|Y0:k−1, µk)︸ ︷︷ ︸
N∼(Xk−1;X̂k−1;Pk−1)

dXk−1

(4.10)

We shall now see that the outcome of this equation is also a Gaussian with mean

X̂k|k−1 and covariance Pk|k−1. Writing (4.10) in its Gaussian form we get,

bel(Xk) = η

∫
exp{−Lk}dXk−1

where

Lk =
1

2
(Xk − f(X̂k−1, µk, 0)− FXk−1

(Xk−1 − X̂k−1))
T

(Fωk
QkFωk

T )
−1

(Xk − f(X̂k−1, µk, 0)− FXk−1
(Xk−1 − X̂k−1))

+
1

2
(Xk−1 − X̂k−1)

T
Pk−1

−1(Xk−1 − X̂k−1)

(4.11)

Note that Lk is quadratic both in Xk and Xk−1 . To solve the integral in closed form,

we will decompose Lk into two functions so that it is given by

Lk = L(Xk, Xk−1) + L(Xk) (4.12)

This decomposition will enable us to move L(XK) outside the integral and so the

integral will simplify to

bel(Xk) = ηexp{−L(Xk)}
∫

exp{−L(Xk, Xk−1)}dXk−1

Also, we will choose L(XK , Xk−1) such that the value of the integral does not depend

upon Xk, so that it becomes a constant relative to the problem of determining the
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belief distribution over Xk. In fact, we will choose L(XK , Xk−1) to be of the form

of the exponential function in the PDF of a Gaussian distribution. The mean and

variance will be given by the minimum and inverse of the curvature of Lk, respectively.

And so, the resulting distribution will be defined entirely through L(Xk) as

bel(Xk) = ηexp{−L(Xk)}

We now perform this decomposition. We are looking for a fuction L(Xk, Xk−1) which

is quadratic in Xk−1. To determine the coefficients of this quadratic, we calculate the

first two derivatives of Lk with respect to Xk−1

∂Lk
∂Xk−1

=− FXk−1

T (FXk−1
QkFXk−1

T )
−1

(Xk − f(Xk−1, µk, 0)− FXk−1
(Xk−1 − X̂k−1))

+ Pk−1
−1(Xk−1 − X̂k−1)

and

∂2Lk
∂X2

k−1

= FXk−1

T (FXk−1
QkFXk−1

T )
−1
FXk−1

+ Pk−1
−1 = Ψ−1

k

Where Ψk defines the curvature of L(Xk, Xk−1). We get the mean by setting the first

derivative of Lk equal to zero. Solving and simplifying for Xk−1 gives us

Xk−1 = ΨkFXk−1

T (Fωk
QkFωk

T )
−1

(Xk−f(Xk−1, µk, 0)−FXk−1
(Xk−1−X̂k−1)+Pk−1

−1X̂k−1)
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So we have the quadratic function L(Xk, Xk−1) given as

L(Xk, Xk−1) =

1

2
(Xk−1 −ΨkFXk−1

T (Fωk
QkFωk

T )
−1

(Xk − f(Xk−1, µk, 0)− FXk−1
(Xk−1 − X̂k−1) + Pk−1

−1X̂k−1))T

Ψ−1
k (Xk−1 −ΨkFXk−1

T (Fωk
QkFωk

T )
−1

(Xk − f(Xk−1, µk, 0)− FXk−1
(Xk−1 − X̂k−1) + Pk−1

−1X̂k−1))

(4.13)

Note that this is not the only function satisfying our decomposition. However, we

now have a function which is of the common quadratic form of the negative exponent

of a normal distribution. The function

det(2πΨk)
− 1

2 exp{−L(Xk, Xk−1}

is a valid probabilty density function (PDF) for the variable Xk−1. And we know that

PDFs integrate to 1. Thus,

∫
det(2πΨk)

− 1
2 exp{−L(Xk, Xk−1)}dXk−1 = 1

From this it follows that,

det(2πΨk)
1
2 =

∫
exp{−L(Xk, Xk−1)}dXk−1

The important thing to note is that the value of this integral is independent of our

target variable Xk. Thus, for our problem of calculating a distribution over Xk, this

integral is constant. Subsuming this constant into the normalizer we get the following

expression for our belief

bel(Xk) = ηexp{−L(Xk)}
∫

exp{−L(Xk, Xk−1)}dXk−1 = ηexp{−L(Xk)}
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Note that the normalizers η on both sides of the equal sign are not the same. Now

we need to determine the function L(Xk) which is given by (4.11), (4.12) and (4.13)

as

L(Xk) =Lk − L(Xk, Xk−1)

=
1

2
(Xk − f(X̂k−1, µk, 0)− FXk−1

(Xk−1 − X̂k−1))
T

(Fωk
QkFωk

T )
−1

(Xk − f(X̂k−1, µk, 0)− FXk−1
(Xk−1 − X̂k−1))

+
1

2
(Xk−1 − X̂k−1)

T
Pk−1

−1(Xk−1 − X̂k−1)

−1

2
(Xk−1 −ΨkFXk−1

T (Fωk
QkFωk

T )
−1

(Xk − f(Xk−1, µk, 0)− FXk−1
(Xk−1 − X̂k−1) + Pk−1

−1X̂k−1))T

Ψ−1
k (Xk−1 −ΨkFXk−1

T (Fωk
QkFωk

T )
−1

(Xk − f(Xk−1, µk, 0)− FXk−1
(Xk−1 − X̂k−1) + Pk−1

−1X̂k−1))

After replacing the value of Ψk and a tedious simplification, all terms containing Xk−1

cancel out. We get our required function as

L(Xk) =
1

2
Xk

T (Fωk
QkFωk

T )
−1
Xk −Xk

T (Fωk
QkFωk

T )
−1
f(X̂k−1, µk, 0)

+Xk
T (Fωk

QkFωk

T )
−1
FXk−1X̂k−1

+
1

2
f(X̂k−1, µk, 0)

T
(Fωk

QkFωk

T )
−1
f(X̂k−1, µk, 0) +

1

2
X̂k−1

TPk−1
−1X̂k−1

+f(X̂k−1, µk, 0)
T

(Fωk
QkFωk

T )
−1
FXk−1

X̂k−1

+
1

2
X̂k−1

TFXk−1

T (Fωk
QkFωk

T )
−1
FXk−1

X̂k−1

−1

2
(FXk−1

T (Fωk
QkFωk

T )
−1

(Xk − f(Xk−1, µk, 0) + FXk−1
X̂k−1) + Pk−1

−1X̂k−1)
T

(FXk−1

T (FXk−1
QkFXk−1

T )
−1
FXk−1

+ Pk−1
−1)
−1

(FXk−1

T (Fωk
QkFωk

T )
−1

(Xk − f(Xk−1, µk, 0) + FXk−1
X̂k−1) + Pk−1

−1X̂k−1)

(4.14)

Note that L(Xk) is quadratic in Xk. This means that bel(Xk) is indeed normally

distributed. The mean and the covariance of this distribution are the minimum and
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curvature of L(Xk), which is obtained by computing the first and second derivatives

of (4.14) with respect to Xk

∂L(Xk)

∂(Xk)
=(Fωk

QkFωk

T )
−1
Xk − (Fωk

QkFωk

T )
−1
f(X̂k−1, µk, 0)

+(Fωk
QkFωk

T )
−1
FXk−1X̂k−1

−(Fωk
QkFωk

T )
−1
FXk−1(FXk−1

T (FXk−1
QkFXk−1

T )
−1
FXk−1

+ Pk−1
−1)
−1

(FXk−1

T (Fωk
QkFωk

T )
−1

(Xk − f(Xk−1, µk, 0) + FXk−1
X̂k−1) + Pk−1

−1X̂k−1)

After simplification we get

∂L(Xk)

∂(Xk)
=
(

(Fωk
QkFωk

T )
−1

−(Fωk
QkFωk

T )
−1
FXk−1

(FXk−1

T (Fωk
QkFωk

T )−1FXk−1
+ Pk−1

−1)
−1

FXk−1

T (Fωk
QkFωk

T )
−1
)(
Xk − f(Xk−1, µk, 0) + FXk−1

X̂k−1

)

−
(

(Fωk
QkFωk

T )
−1
FXk−1

(FXk−1

T (Fωk
QkFωk

T )−1FXk−1
+ Pk−1

−1)
−1
)

Pk−1
−1X̂k−1

(4.15)

The inversion lemma states that for any invertible quadratic matrices R and Q and

any matrix P of appropriate dimensions, the following holds true

(R + PQP T )
−1

= R−1 −R−1P (Q−1 + P TR−1P )
−1
P TR−1 (4.16)

Applying this statement to the first factor in (4.15), our derivative can now be ex-

pressed as

∂L(Xk)

∂(Xk)
=
(

(Fωk
QkFωk

T ) + FXk−1
Pk−1FXk−1

T
)

(
Xk − f(Xk−1, µk, 0) + FXk−1

X̂k−1

)

−
(

(Fωk
QkFωk

T )
−1
FXk−1

(FXk−1

T (Fωk
QkFωk

T )−1FXk−1
+ Pk−1

−1)
−1
)

Pk−1
−1X̂k−1

42



The minimum of L(Xk) is obtained when its first derivative is put equal to zero. Thus

we have

(
(Fωk

QkFωk

T ) + FXk−1
Pk−1FXk−1

T
)−1(

Xk − f(Xk−1, µk, 0) + FXk−1
X̂k−1

)

=
(

(Fωk
QkFωk

T )
−1
FXk−1

(FXk−1

T (Fωk
QkFωk

T )−1FXk−1
+ Pk−1

−1)
−1
)
Pk−1

−1X̂k−1

Solving this for the target variable Xk gives us

Xk =f(Xk−1, µk, 0)− FXk−1
X̂k−1

+
(

(Fωk
QkFωk

T ) + FXk−1
Pk−1FXk−1

T
)

(
(Fωk

QkFωk

T )
−1
FXk−1

(FXk−1

T (Fωk
QkFωk

T )−1FXk−1
+ Pk−1

−1)
−1
)

Pk−1
−1X̂k−1

Multiplying and solving gives us the surprisingly compact result

Xk = f(Xk−1, µk, 0)− FXk−1
X̂k−1 + FXk−1

X̂k−1

Hence, in the recursive notation we have,

X̂k|k−1 = f(Xk−1, µk, 0) (4.17)

Which proves the correctness of (4.1). This is the mean of bel(Xk). To find the

variance, we proceed by calculating the curvature of L(Xk), which is given by

∂2L(Xk)

∂Xk
2 =

(
(Fωk

QkFωk

T ) + FXk−1
Pk−1FXk−1

T
)−1

This is the curvature of the quadratic function L(Xk), whose inverse is the covariance

of the belief bel(Xk). Hence,

Pk|k−1 = (Fωk
QkFωk

T ) + FXk−1
Pk−1FXk−1

T (4.18)
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This proves the correctness of (4.2).

4.3.2 Part 2: Measurement Covariance

We start with step 2 of the extended Bayes filter given by (4.8). The distribution of

the measurement is calculated as follows

p(Yk|Xk, Y0:k−1, µk) =

∫
TdXk−1 (4.19)

where

T =

p(Yk|Xk, Y0:k−1, µk, Xk−1)︸ ︷︷ ︸
(∼N(YK ;h(X̂k,X̂k−1)+Hxk

(Xk−X̂k)+HXk−1
(Xk−1−X̂k−1);Rk))

p(Xk−1|Xk, Y0:k−1, µk)︸ ︷︷ ︸
(∼N(Xk−1;g(x̂k,µk,0)+GXk

(Xk−X̂k);Gωk
QkGωk

T ))

The derivation is exactly the same as that of step 1. In this case the integral can be

expressed as

∫
exp{−Mk}dXk−1

Where

Mk =
1

2

(
Yk − h(X̂k, X̂k−1)−Hxk(Xk − X̂k)−HXk−1

(Xk−1 − X̂k−1)
)T
Rk
−1

(
Yk − h(X̂k, X̂k−1)−Hxk(Xk − X̂k)−HXk−1

(Xk−1 − X̂k−1)
)

+
1

2

(
Xk−1 − g(x̂k, µk, 0)−GXk

(Xk − X̂k)
)T(

Gωk
QkGωk

T
)−1

(
Xk−1 − g(x̂k, µk, 0)−GXk

(Xk − X̂k)
)

(4.20)
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As in the previous section, we decompose Mk into two functions. These functions are

given by

Mk = M(Yk, Xk, Xk−1) +M(Yk, Xk) (4.21)

By differentiating twice with respect to Xk−1, we determine the minimum and covari-

ance of Mk. Thus we get

M(Yk, Xk, Xk − 1)

=
1

2

(
Xk−1 − Φk

(
HXk−1

TRk
−1(Yk − h(X̂k, X̂k−1)−Hxk(Xk − X̂k)

−HXk−1
(Xk−1 − X̂k−1)) + (Gωk

QkGωk

T )−1(g(x̂k, µk, 0)−GXk
(Xk − X̂k))

))T

Φ−1
k

(
Xk−1 − Φk

(
HXk−1

TRk
−1(Yk − h(X̂k, X̂k−1)−Hxk(Xk − X̂k)

−HXk−1
(Xk−1 − X̂k−1)) + (Gωk

QkGωk

T )−1(g(x̂k, µk, 0)−GXk
(Xk − X̂k))

))

(4.22)

Where

Φk =
(
HXk−1

TRk
−1HXk−1

+ (Gωk
QkGωk

T )−1
)−1
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Hence, from (4.20), (4.21) and (4.22), we have,

M(Yk, Xk) =
1

2

(
Yk − h(X̂k, X̂k−1)−Hxk(Xk − X̂k)−HXk−1

(Xk−1 − X̂k−1)
)T
Rk
−1

(
Yk − h(X̂k, X̂k−1)−Hxk(Xk − X̂k)−HXk−1

(Xk−1 − X̂k−1)
)

+
1

2

(
Xk−1 − g(x̂k, µk, 0)−GXk

(Xk − X̂k)
)T(

Gωk
QkGωk

T
)−1

(
Xk−1 − g(x̂k, µk, 0)−GXk

(Xk − X̂k)
)

−1

2

(
Xk−1 − Φk

(
HXk−1

TRk
−1(Yk − h(X̂k, X̂k−1)−Hxk(Xk − X̂k)

−HXk−1
(Xk−1 − X̂k−1)) + (Gωk

QkGωk

T )−1(g(x̂k, µk, 0)

−GXk
(Xk − X̂k))

))T
Φ−1
k

(
Xk−1 − Φk

(
HXk−1

TRk
−1(Yk − h(X̂k, X̂k−1)−Hxk(Xk − X̂k)

−HXk−1
(Xk−1 − X̂k−1)) + (Gωk

QkGωk

T )−1(g(x̂k, µk, 0)

−GXk
(Xk − X̂k))

))

(4.23)

This is the required distribution. The mean and covariance of this distribution is given

by the minimum and inverse of the curvature of M(Yk, Xk) respectively.Differentiating

with respect to Yk, we get the mean as

h(X̂k, X̂k−1) +HXk
(Xk − X̂k)

And the covariance, the inverse of the curvature, given as

Wk = Rk +HXk−1
Gωk

QkGωk

THXk−1

T (4.24)

This proves the correctness of (4.3).
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4.3.3 Part3: Correction / Update

We begin with step 3 of the extended Bayes filter

bel(Xk) = η p(Yk|Xk, Y0:k−1, µk)︸ ︷︷ ︸(
∼N(Yk;h(X̂k,X̂k−1)+HXk−1

(Xk−X̂k))
)

p(Xk|Y0:k−1, µk)︸ ︷︷ ︸(
∼N(Xk;f(X̂k−1,µk,0);FXk−1

Pk−1FXk−1
T +Fωk

QkFωk
T )
)

As easily observed, the product is given by the exponential

bel(Xk) = ηexp{−Jk}

where

Jk =
1

2

(
Yk − h(X̂k, X̂k−1)−HXk

(Xk − X̂k)
)
T
(
Rk +HXk−1

(Gωk
QkGωk

T )HXk−1

T
)−1

(
Yk − h(X̂k, X̂k−1)−HXk

(Xk − X̂k)
)

+
1

2

(
Xk − f(X̂k−1, µk, 0)

)T

(
FXk−1

Pk−1FXk−1

T + Fωk
QkFωk

T
)−1(

Xk − f(X̂k−1, µk, 0)
)

This function is quadratic in Xk and hence it is a Gaussian. To find the parameters

of this Gaussian, we take the first two derivatives of this function with respect to Xk

∂Jk
∂Xk

= −HXk

T
(
Rk +HXk−1

(Gωk
QkGωk

T )HXk−1

T
)−1

(
Yk − h(X̂k, X̂k−1)−HXk

(Xk − X̂k)
)

+
(
FXk−1

Pk−1FXk−1

T + Fωk
QkFωk

T
)−1(

Xk − f(X̂k−1, µk, 0)
)

(4.25)

and

∂2Jk
∂Xk

2
=HXk

T
(
Rk +HXk−1

(Gωk
QkGωk

T )HXk−1

T
)−1

HXk

+
(
FXk−1

Pk−1FXk−1

T + Fωk
QkFωk

T
)−1

=Pk|k
−1

(4.26)
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Putting the first derivative equal to zero and solving for Xk, we get the mean

X̂k|k = X̂k|k−1 +Pk|kHXk

T
(
Rk+HXk−1

(Gωk
QkGωk

T )HXk−1

T
)−1(

Yk−h(X̂k, X̂k−1)
)

(4.27)

Define the Kalman Gain as

Kk = Pk|kHXk

T
(
Rk +HXk−1

(Gωk
QkGωk

T )HXk−1

T
)−1

Hence from (4.27), we have

X̂k|k = X̂k|k−1 +Kk

(
Yk − h(X̂k, X̂k−1)

)
(4.28)

This proves the correctness of (4.5).

The Kalman Gain as given above, is a function of Pk|k which is at odds with the fact

that we utilize Kk to calculate Pk|k in (4.6). So we need to transform our current

expression of Kk, to include covariances other than Pk|k. This transformation is

carried out as follows.

Kk = Pk|kHXk

T
(
Rk +HXk−1

(Gωk
QkGωk

T )HXk−1

T
)−1

Kk =Pk|kHXk

T
(
Rk +HXk−1

(Gωk
QkGωk

T )HXk−1

T
)−1

(
HXk

(FXk−1
Pk−1FXk−1

T + Fωk
QkFωk

T )HXk

T+

(Rk +HXk−1
(Gωk

QkGωk

T )HXk−1

T )
)

(
HXk

(FXk−1
Pk−1FXk−1

T + Fωk
QkFωk

T )HXk

T+

(Rk +HXk−1
(Gωk

QkGωk

T )HXk−1

T )
)−1
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Kk =Pk|k(
HXk

T (Rk +HXk−1
(GωkQkGωk

T )HXk−1
T )−1

HXk
(FXk−1

Pk−1FXk−1
T + FωkQkFωk

T )HXk
T +HXk

T
)

(
HXk

(FXk−1
Pk−1FXk−1

T + FωkQkFωk
T )HXk

T + (Rk +HXk−1
(GωkQkGωk

T )HXk−1
T )
)−1

Kk =Pk|k(
HXk

T (Rk +HXk−1
(GωkQkGωk

T )HXk−1
T )−1HXk

(FXk−1
Pk−1FXk−1

T + FωkQkFωk
T )HXk

T

+ (FXk−1
Pk−1FXk−1

T + FωkQkFωk
T )(FXk−1

Pk−1FXk−1
T + FωkQkFωk

T )−1︸ ︷︷ ︸
I

HXk
T
)

(
HXk

(FXk−1
Pk−1FXk−1

T + FωkQkFωk
T )HXk

T + (Rk +HXk−1
(GωkQkGωk

T )HXk−1
T )
)−1

Kk =Pk|k(
HXk

T (Rk +HXk−1
(GωkQkGωk

T )HXk−1
T )−1HXk

+ (FXk−1
Pk−1FXk−1

T + FωkQkFωk
T )−1

)
︸ ︷︷ ︸

Pk|k−1(
FXk−1

Pk−1FXk−1
T + FωkQkFωk

T
)
HXk

T(
HXk

(FXk−1
Pk−1FXk−1

T + FωkQkFωk
T )HXk

T + (Rk +HXk−1
(GωkQkGωk

T )HXk−1
T )
)−1

Kk =
(
FXk−1

Pk−1FXk−1
T + FωkQkFωk

T
)

︸ ︷︷ ︸
Pk|k−1

HXk
T

(
HXk

(FXk−1
Pk−1FXk−1

T + FωkQkFωk
T )︸ ︷︷ ︸

Pk|k−1

HXk
T + (Rk +HXk−1

(GωkQkGωk
T )HXk−1

T )︸ ︷︷ ︸
Wk

)−1

Hence we have

Kk = Pk|k−1HXk

T (HXk
Pk|k−1HXk

T +Wk)
−1 (4.29)

This proves the correctness of (4.4)
The expression (4.26) for Pk|k that we have calculated involves an inversion which is
a heavy computation for high dimensional state spaces. So we carry out a transfor-
mation to express Pk|k in a more convenient way

Pk|k =
(
HXk

T (Rk +HXk−1
(GωkQkGωk

T )HXk−1
T )−1︸ ︷︷ ︸

Wk
−1

HXk
+ (FXk−1

Pk−1FXk−1
T + FωkQkFωk

T )−1︸ ︷︷ ︸
Pk|k−1

−1

)−1
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Thus

Pk|k = (HXk

TWk
−1HXk

+ Pk|k−1
−1)−1

Applying the inversion lemma given in (4.16) to this expression, we have

Pk|k = Pk|k−1 − Pk|k−1HXk

T (Wk +HXk
Pk|k−1HXk

T )−1HXk
Pk|k−1

Pk|k =
(
I − Pk|k−1HXk

T (Wk +HXk
Pk|k−1HXk

T )−1

︸ ︷︷ ︸
Kk

HXk

)
Pk|k−1

Hence we have,

Pk|k = (I −KkHXk
)Pk|k−1

This proves the correctness of (4.6).
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Chapter 5

Setting up the EKF: calculations,

simulation and results

This chapter discusses the calculations and implementation of the EKF for full planar

monocular SLAM. In the end, the results of a simulation are shown and discussed.

5.1 Mathematical models

This section includes a derivation of the mathematical models and jacobian matrices

as included in the Kalman filter equations.

5.1.1 The constant velocity model

The process model assumed for the system is the constant velocity motion model.

An in depth treatment can be found in standard state estimation textbooks [2, 16]

and only the final equations are represented here. The constant velocity model for a

2 dimensional state vector is given as


 xk

ẋk


 =


 1 ∆t

0 1




 xk−1

ẋk−1


+ wk
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where wk is the process noise vector with zero mean and covariance Q given by

Q̄ = q




1
3
∆t3 1

2
∆t2

1
2
∆t2 ∆t




where q is the covariance of noise in velocity in the continuous time domain. Assume

the following state vector representing the pose of the robot and the location of a

single landmark

Xk =
[
cxk

cx′k
cyk

cy′k
cθk

cθ′k
L2xk

L2yk

]T

Let

F̄ =


 1 ∆t

0 1




Then the overall state transition matrix for the system is given by

F =




F̄ 0 0 0

0 F̄ 0 0

0 0 F̄ 0

0 0 0 I




where I is the 2× 2 identity matrix. The covariance of the process noise will be given

as

Q =




qvQ̄ 0 0 0

0 qvQ̄ 0 0

0 0 qθQ̄ 0

0 0 0 0




Where qv and qθ are the variances of the noise in linear and angular velocities in

the continuous time domain. For practical reasons, it is advisable to inject some
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artificial process noise even for stationary states. Therefore the noise covariance

matrix actually used for the simulation is

Q =




qvQ̄ 0 0 0

0 qvQ̄ 0 0

0 0 qθQ̄ 0

0 0 0 qlI




where I is the 2 × 2 identity matrix and ql is covariance of the process noise for the

landmark. The value of this covariance is very small as compared to qv and qθ.

5.1.2 Model for projective measurements

L1h0

(cx0,
c y0)

(
L1x,L1 y

)

(
L2x,L2 y

)

L2h0

cθk−1
cθk

L1hk

(cxk,
c yk)

L2hk

L1hk−1

(cxk−1,
c yk−1)

L2hk−1
f

y

x

Figure 5-1: Monocular state sequence in 2D

Consider Figure 5-1, in which a camera performs SLAM in a 2D world. The state

we take is given by

Xk =
[
cxk

cx′k
cyk

cy′k
cθk

cθ′k
L2xk

L2yk

]T

the measurement equation requires L1x, L1y, L2x and L2y to be described in the
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camera coordinate frame. So we must first get the transformation matrix from the

world frame to the camera frame.

The transformation matrix that describes the pose of the camera in the world frame

is given as

W
C T =




cos(cθ) − sin(cθ) cx

sin(cθ) cos(cθ) cy

0 0 1




Our required transformation is given by the inverse of WC T as

C
WT =W

C T−1 =




cos(cθ) sin(cθ) −cx cos(cθ)− cy sin(cθ)

− sin(cθ) cos(cθ) cx sin(cθ)− cy cos(cθ)

0 0 1




and so the description of the landmark in the camera coordinate frame will be given

by

CL1 =C
W TWL1 =




CL1x
CL1y


 =


 (L1x− cx) cos(cθ) + (L1y − cy) sin(cθ)

−(L1x− cx) sin(cθ) + (L1y − cy) cos(cθ)




the measurement model for the camera is given by

L1h = f

CL1x
CL1y

= f
(L1x− cx) cos(cθ) + (L1y − cy) sin(cθ)

−(L1x− cx) sin(cθ) + (L1y − cy) cos(cθ)

L2h = f

CL2x
CL2y

= f
(L2x− cx) cos(cθ) + (L2y − cy) sin(cθ)

−(L2x− cx) sin(cθ) + (L2y − cy) cos(cθ)
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We can find the Jacobian matrices for both measurements. They will be given as

L1H =
1

Ω(L1)2




−f(L1y − cy)

0

f(L1x− cx)

0

f
(
(L1x− cx)2 + (L1y − cy)2

)

0

0

0




T

and

L2H =
1

Ω(L2)2




−f(L2y − cy)

0

f(L2x− cx)

0

f
(
(L2x− cx)2 + (L2y − cy)2

)

0

f(L2y − cy)

−f(L2x− cx)




T

where

Ω(Li) = −(Lix− cx) sin(cθ) + (Liy − cy) cos(cθ)

5.1.3 Model for disparity measurements

Consider Figure 5-2 which depicts the disparity mesurement for a camera performing

motion stereo between two consecutive time steps. The perpendicular distance of the
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L2x,L2 y




L2hk−1

(cxk−1,
c yk−1)

f

cθk

L2hk

(cxk,
c yk)

L2dk

L2Bk

Figure 5-2: The disparity measurement

landmark from the baseline L2Bk is given by

L2dk =
(cxk −c xk−1)(cyk−1 −L2 y)− (cxk−1 −L2 x)(cyk −c yk−1)√

(cxk −c xk−1)2 + (cyk −c yk−1)2

and the magnitude of the baseline is given by

L2Bk =
√

(cxk −c xk−1)2 + (cyk −c yk−1)2

disparity is given by

L2dispk = f
L2Bk

L2dk

and so we get

L2dispk =
f ((cxk −c xk−1)2 + (cyk −c yk−1)2)

(cxk −c xk−1)(cyk−1 −L2 y)− (cxk−1 −L2 x)(cyk −c yk−1)
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the Jacobian can be found as

L2H = f




2(cxk−cxk−1)

(cxk−cxk−1)(cyk−1−L2y)−(cxk−1−L2x)(cyk−cyk−1)
− ((cxk−cxk−1)2+(cyk−cyk−1)2)(cyk−1−L2yk)

((cxk−cxk−1)(cyk−1−L2y)−(cxk−1−L2x)(cyk−cyk−1))2

0

2(cyk−cyk−1)

(cxk−cxk−1)(cyk−1−L2y)−(cxk−1−L2x)(cyk−cyk−1)
+

((cxk−cxk−1)2+(cyk−cyk−1)2)(cxk−1−L2xk)
((cxk−cxk−1)(cyk−1−L2y)−(cxk−1−L2x)(cyk−cyk−1))2

0

0

0

− ((cxk−cxk−1)2+(cyk−cyk−1)2)(cyk−cyk−1)

((cxk−cxk−1)(cyk−1−L2y)−(cxk−1−L2x)(cyk−cyk−1))2

((cxk−cxk−1)2+(cyk−cyk−1)2)(cxk−cxk−1)

((cxk−cxk−1)(cyk−1−L2y)−(cxk−1−L2x)(cyk−cyk−1))2




Similarly, the Jacobian for the disparity measurement of a beacon, say L1 will be

given as

L1H = f




2(cxk−cxk−1)

(cxk−cxk−1)(cyk−1−L1y)−(cxk−1−L1x)(cyk−cyk−1)
− ((cxk−cxk−1)2+(cyk−cyk−1)2)(cyk−1−L1yk)

((cxk−cxk−1)(cyk−1−L1y)−(cxk−1−L1x)(cyk−cyk−1))2

0

2(cyk−cyk−1)

(cxk−cxk−1)(cyk−1−L1y)−(cxk−1−L1x)(cyk−cyk−1)
+

((cxk−cxk−1)2+(cyk−cyk−1)2)(cxk−1−L1xk)
((cxk−cxk−1)(cyk−1−L1y)−(cxk−1−L1x)(cyk−cyk−1))2

0

0

0

0

0




5.1.4 Simulating the disparity measurements

Although Section 5.1.3 gives the correct model to use in the Kalman filter equations,

it does not represent the true process by which disparity is obtained practically and so,

should not be used to simulate it. A detailed treatment can be found in any standard

computer vision text like [24] and [21]. As an overview, disparity is obtained through

the following steps

• transform the image planes from the case in Figure 5-1 so that they appear to
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be taken from row aligned cameras as in Figure 3-5. Let

α = tan−1

(
cyk − cyk−1

cyk − cyk−1

)

• transform Liuk−1 to appear as if the camera at time step k − 1 were rotated by

(α− cθk−1) to get Liūk−1. Similarly transform Liuk to appear as if the camera at

time step k were rotated by (α− cθk) to get Liūk. The rectified measurements

turn out to be

Liūk =
−fLiuk cos(α− cθk) + f 2 sin(α− cθk)
Liuk sin(α− cθk) + f cos(α− cθk)

and

Liūk−1 =
−fLiuk−1 cos(α− cθk−1) + f 2 sin(α− cθk−1)
Liuk−1 sin(α− cθk−1) + f cos(α− cθk−1)

• disparity is given by the difference between the rectified measurements.

Lidispk = Liūk − Liūk−1

5.2 Simulation results

The EKF just set up was implemented in MATLAB for simulation. The results

given over here are as a comparison between the performance of Monocular SLAM

with and without including disparity measurements for 2 sample trajectories, a linear

trajectory and a rhombus like trajectory.

5.2.1 Linear trajectory

Here results are presented for the robot moving along a linear trajectory in a 2D

world, performing SLAM with 1 landmark and 2 beacons. Figure 5-3 show the true

and estimated trajectories when only projective measurements are recorded. The
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Figure 5-3: Estimated trajectory and 95% confidence ellipses for monocular SLAM
(without disparity measurements) with 2 beacons. The beacons are highlighted in
yellow and the landmark begin estimated is white.

focal length f has been kept at 20 pixel units with qv = 0.5(m/s2)
2
, qθ = 0.1deg2

and ql = 0.001m2. The measurement noise covariance has been kept at 0.074pixels2

for projective and 74pixels2 for disparity. The same parameters have been assumed

for all simulations presented henceforth. Figure 5-4 shows the same for monocular

SLAM after including disparity measurements.

It can be seen that there is a significant difference in the area covered by the

uncertainty ellipses in both cases. This is reflected in the graphs shown in Figure5-5.

Ham and Brown [8] show that the magnitude of the eigenvalues of the state covariance

matrices can be used as a metric for the “degree” of observability with the smaller

eigenvalues representing linear combinations of states in more observable directions

whereas larger eigenvalues representing linear combination of states in less observable

directions. Hence this property has been compared with the trace of the covariance

matrix which is equal to the sum of the eigenvalues. Monocular SLAM with disparity

and projective measurements gives better performance in this regard both in the
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Figure 5-4: Estimated trajectory and 95% confidence ellipses for monocular SLAM
(with disparity measurements) with 2 beacons.

map and robot pose variables with the improvement in the robot pose much more

significant than the map.

5.2.2 Rhombus shaped trajectory

Figures 5-6 and 5-7 show the results of monocular SLAM with 3 beacons this time

for a rhombus like trajectory. The findings are similar to that of the linear trajectory.

The comparison given in Figure 5-8 reflects this.
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Figure 5-5: A comparison of the trace of the covariance matrices and SSD errors in
the robot pose and landmark states for Figures 5-3 and 5-4.

Figure 5-6: Estimated trajectory and 95% confidence ellipses for monocular SLAM
(without disparity measurements) with 3 beacons.
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Figure 5-7: Estimated trajectory and 95% confidence ellipses for monocular SLAM
(with disparity measurements) with 3 beacons.

Figure 5-8: A comparison of the trace of the covariance matrices and SSD errors in
the robot pose and landmark states for Figures 5-6 and 5-7.
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Chapter 6

Future works

6.1 Dealing with beacon obscurity through Bea-

conization

The discussion over here is an extension of Case 3 from Section 3.4. Consider the

possibility that after some time, the robot will lose sight of the known landmark

(Figure 3-3), and hence the process will reduce to that of Case 2 (Figure 3-2) , in

which the robot is observing only such landmarks which are unknown. In this case,

to keep the process observable, The following measures can be taken

6.1.1 Procedure

1. We will always treat at least one landmark as the beacon. When the original

beacon is obscured, one of the landmarks will be “beaconized”. Apart from the

primary beacon which is known perfectly, every other secondary beacon will

have an associated covariance.

2. Only those landmarks qualify for beaconization whose state covariance has sat-

urated i.e. it cannot be improved further. When the covariance reaches this

value, the respective landmark will be excluded from the state and treated as

a beacon in the measurement equation. The measurement model will be given
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by Equation 3.2, which has been reproduced here

Lihk = Liuk − Lixfd = −cxkfd

for the ith landmark. The covariance of Lix will be added to the covariance of

Liuk in accordance with the relation given above to form the overall covariance of

the measurement Lihk. Hence the measurement covariance will increase, which

is the price we have to pay to maintain observability.

3. Each time a beacon is obscured and a landmark is beaconized, the respective

measurement noise covariance will be increased as a function of the covariance

of Lix. We will talk about this increase shortly.

6.1.2 Finding the steady state covariance

The first step in the procedure just given would be to find the steady state covariance

of the observable landmarks so that we know when the values of their respective

covariances are saturated and hence qualify for beaconization. The steady state value

of the state covariance can be found beforehand by solving the following discrete

algebraic riccatti equation [16]

P∞ = FP∞F
T − FP∞HT

(
HP∞H

T +R
)−1

HP∞F
T +Q (6.1)

where F is the state transition matrix

H is the measurement matrix

R is the measurement noise covariance

Q is the process noise covariance

this value will remain true till R remains constant. When R changes in event of

a new beacon, the steady state covariance will then have to be updated. Then from

P∞ we can extract the new steady state covariance of the landmark of interest.
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6.1.3 Increasing the measurement noise covariance

Next we need to determine by how much to increase the measurement noise covariance

on exclusion of a landmark from the state after its steady state covariance has been

achieved. Consider the associated measurement equation before beaconization

Lihk = Liuk − Lixfd = −cxkfd

when σ2
Lix is zero (for a beacon), then σ2

Lihk
= σ2

Liuk
. This would have been the case

if the landmark was perfectly known. For a landmark with an associated covariance,

we would have a non zero σ2
xLi

and can be found out by basic probability theory [3]

to be

σ2
Lihk

= σ2
Liuk

+ f 2d2σ2
Lix + 2fdCov(Liuk,

Lix)

hence the increase in the measurement noise covariance is given by the term

f 2d2σ2
Lix + 2fdCov(Liuk,

Lix)

6.1.4 Revisiting a beacon with less covariance

The beaconization procedure implies that as more and more landmarks are observed

and eventually excluded from the state (after the covariance saturates), the measure-

ment noise covariance will increase continuously. Eventually, a point will be reached

when it would not be practical to continue the process, as the measurement noise will

affect the lower limit for the state error regardless of the observability.

One possible way to handle this would be to make the robot re-observe a less

uncertain beacon every now and then, so as to calibrate itself before the measurement

error grows out of bounds. This may be accomplished with an active vision setup.

The period after which to re-observe that beacon would be a function of the accuracy

of the estimate we require from our application.

We represent the required accuracy as an upper bound on P∞. This in turn, will
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specify an upper bound on the covariance matrix of the measurement noise, given by

the following rearrangement of Equation 6.1

R = FP∞H
T
(
FP∞F

T − P∞ +Q
)−1

HP∞F
T −HP∞HT (6.2)

We can use this upper bound on R to determine when it is essential to return to

re-observe a relatively certain beacon.

Note: Although the process of beaconization has been discussed here with regards

to the monobot, it can be readily extended to higher dimensional cases.

6.2 Other future works

Full non linear observability analysis The observability analysis given in this

thesis was able to reach only to the case of 1.5 D SLAM. A solution to the full 2D

problem is a natural extension.

Real world experiments This study gave a comparison of monocular SLAM with

and without disparity measurements in a simulated environment. Results from real

world experiments would be required to fully asses the validity of conclusions drawn

from the simulation.
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Chapter 7

Conclusion

In this thesis, three different studies have been conducted. First of all, an attempt has

been made to solve the observability of monocular SLAM in its full non linear form.

The methodology adopted here is the direct calculation of the observability rank cri-

terion which is too complex to solve analytically by hand, or by a computer (at least

for now). So a bottom up approach has been used, starting from the simplest possible

case of 1D localization, and gradually adding degrees of freedom to the problem. The

direct calculation turns out to be computable till the case of 1.5D monocular SLAM

in which a robot is constricted to move along a straight line in a 2D world. The rest of

the unsolvable cases have been shown and posed as open problems for the interested

reader. In the end, it was shown that including disparity in addition to projective

measurements in the 1.5D case relaxes the observability rank criterion in terms of the

minimum number of required beacons. This suggests that including motion stereo

measurements in monocular SLAM may improve the overall performance in terms of

observability.

Second of all, the use of motion stereo measurements has been considered for

monocular SLAM. The dependence of the disparity measurement on the previous

camera location has been incorporated into the EKF by re-deriving it from the basic

Bayes filter. It was shown that this results in an increase in the measurement noise

covariance. This increase depends on the process noise covariance and state dynamics.

67



Lastly, an EKF was setup for comparison of monocular SLAM in a 2D world with

and without including disparity measurements. All calculations involved were shown

and the results suggested that including disparity measurements in monocular SLAM

does improve the performance in terms of observability (measured by the trace of the

state covariance) especially in the robot pose variables.
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Appendix A

MATLAB: Process model

1 function [state jcbn] = process model(X,time step)

2 %PROCESS MODEL constant velocity motion model

3 %[new state jacobian] = process model(state,time step)implements the

4 %constant velocity dynamic model for the Kalman Filter.e motion model

5 n = size(X,1); %dimension of the state vector

6 state = zeros(n,1);

7 %apply constant velocity model to the robot states

8 state(1:6,:) = [ 1 time step 0 0 0 0;

9 0 1 0 0 0 0;

10 0 0 1 time step 0 0;

11 0 0 0 1 0 0;

12 0 0 0 0 1 time step;

13 0 0 0 0 0 1 ] * X(1:6,:);

14 %the landmark states remain stationary

15 state(7:n,:) = X(7:n,:);

16 %jacobian

17 jcbn = eye(n);

18 jcbn(1,2) = time step;

19 jcbn(3,4) = time step;

20 jcbn(5,6) = time step;

21 end
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Appendix B

MATLAB: Measurement Model

1 function [Y jcbn jcbn prev] = measurement model(X,Xprev,B,f)

2 %MEASUREMENT MODEL model for a single camera measurement

3

4 %dimension of the state vector

5 n = size(X,1);

6 %total number of beacons

7 b = size(B,1);

8 %total number of landmarks being estimated

9 l = (n − 3)/2;

10 %dimension of the measurement vector

11 m = 2*(l + b);

12

13 Y = zeros(m,1);

14 jcbn = zeros(m,n);

15 jcbn prev = zeros(m,n);

16

17 %measurement of the landmarks

18 for i = 1:l

19 %calculate indices of landmarks in state vector

20 lx = 2*i + 2;

21 ly = 2*i + 3;

22 %bearing measurement
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23 Y(2*i−1) = f*( (X(lx)−X(1))*cosd(X(3))+(X(ly)−X(2))*sind(X(3)) ...

)/( −(X(lx)−X(1))*sind(X(3))+(X(ly)−X(2))*cosd(X(3)) );

24 %disparity measurement

25 Y(2*i) = f*( (X(1)−Xprev(1))ˆ2 + (X(2)−Xprev(2))ˆ2 )/( ...

(X(1)−Xprev(1))*(Xprev(2)−X(ly)) − ...

(X(2)−Xprev(2))*(Xprev(1)−X(lx)) );

26 end

27 %measurement of the beacons

28 for i = 1:b

29 %bearing measurement

30 Y((2*i−1)+2*l) = f*( ...

(B(i,1)−X(1))*cosd(X(3))+(B(i,2)−X(2))*sind(X(3)) )/( ...

−(B(i,1)−X(1))*sind(X(3))+(B(i,2)−X(2))*cosd(X(3)) );

31 %disparity measurement

32 Y(2*i+2*l) = f*( (X(1)−Xprev(1))ˆ2 + (X(2)−Xprev(2))ˆ2 )/( ...

(X(1)−Xprev(1))*(Xprev(2)−B(i,2)) − ...

(X(2)−Xprev(2))*(Xprev(1)−B(i,1)) );

33 end

34

35 %jacobian of the landmarks wrt the current state

36 for i = 1:l

37 %calculate indices of landmarks in state vector

38 lx = 2*i + 2;

39 ly = 2*i + 3;

40 %bearing measurement

41 den = ( −(X(lx)−X(1))*sind(X(3))+(X(ly)−X(2))*cosd(X(3)) )ˆ2;

42 jcbn(2*i−1,1:3) = [−f*(X(ly)−X(2)) f*(X(lx)−X(1)) ...

f*((X(lx)−X(1))ˆ2+(X(ly)−X(2))ˆ2)]/den;
43 jcbn(2*i−1,lx) = f*(X(ly)−X(2))/den;
44 jcbn(2*i−1,ly) = −f*(X(lx)−X(1))/den;
45 %disparity measurement

46 den = (X(1)−Xprev(1))*(Xprev(2)−X(ly)) − ...

(X(2)−Xprev(2))*(Xprev(1)−X(lx));
47 jcbn(2*i,1) = f*( 2*(X(1)−Xprev(1))/(den) − ( (X(1)−Xprev(1))ˆ2 ...

+ (X(2)−Xprev(2))ˆ2 )*( Xprev(2)−X(ly) )/( denˆ2 ) );

48 jcbn(2*i,2) = f*( 2*(X(2)−Xprev(2))/(den) + ( (X(1)−Xprev(1))ˆ2 ...
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+ (X(2)−Xprev(2))ˆ2 )*( Xprev(1)−X(lx) )/( denˆ2 ) );

49 jcbn(2*i,lx) = −f*( ( (X(1)−Xprev(1))ˆ2 + (X(2)−Xprev(2))ˆ2 )*( ...

X(2)−Xprev(2) )/( denˆ2 ) );

50 jcbn(2*i,ly) = f*( ( (X(1)−Xprev(1))ˆ2 + (X(2)−Xprev(2))ˆ2 )*( ...

X(1)−Xprev(1) )/( denˆ2 ) );

51 end

52 %jacobian of the beacons wrt the current state

53 for i = 1:b

54 %bearing measurement

55 den = ( −(B(i,1)−X(1))*sind(X(3))+(B(i,2)−X(2))*cosd(X(3)) )ˆ2;

56 jcbn((2*i−1)+2*l,1:3) = [−f*(B(i,2)−X(2)) f*(B(i,1)−X(1)) ...

f*((B(i,1)−X(1))ˆ2+(B(i,2)−X(2))ˆ2)]/den;
57 %disparity measurement

58 den = (X(1)−Xprev(1))*(Xprev(2)−B(i,2)) − ...

(X(2)−Xprev(2))*(Xprev(1)−B(i,1));
59 jcbn(2*i+2*l,1) = f*( 2*(X(1)−Xprev(1))/(den) − ( ...

(X(1)−Xprev(1))ˆ2 + (X(2)−Xprev(2))ˆ2 )*( Xprev(2)−B(i,2) ...

)/( denˆ2 ) );

60 jcbn(2*i+2*l,2) = f*( 2*(X(2)−Xprev(2))/(den) + ( ...

(X(1)−Xprev(1))ˆ2 + (X(2)−Xprev(2))ˆ2 )*( Xprev(1)−B(i,1) ...

)/( denˆ2 ) );

61 end

62

63 %jacobian of the landmarks wrt the previous state

64 for i = 1:l

65 %calculate indices of landmarks in state vector

66 lx = 2*i + 2;

67 ly = 2*i + 3;

68 %bearing measurement − no dependence

69

70 %disparity measurement

71 den = (X(1)−Xprev(1))*(Xprev(2)−X(ly)) − ...

(X(2)−Xprev(2))*(Xprev(1)−X(lx));
72 jcbn prev(2*i,1) = f*( −2*(X(1)−Xprev(1))/(den) − ( ...

(X(1)−Xprev(1))ˆ2 + (X(2)−Xprev(2))ˆ2 )*( X(ly)−X(2) )/( ...

denˆ2 ) );
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73 jcbn prev(2*i,2) = f*( −2*(X(2)−Xprev(2))/(den) − ( ...

(X(1)−Xprev(1))ˆ2 + (X(2)−Xprev(2))ˆ2 )*( X(1)−X(lx) )/( ...

denˆ2 ) );

74 end

75 %jacobian of the beacons wrt the prev state

76 for i = 1:b

77 %bearing measurement − no dependence

78

79 %disparity measurement

80 den = (X(1)−Xprev(1))*(Xprev(2)−B(i,2)) − ...

(X(2)−Xprev(2))*(Xprev(1)−B(i,1));
81 jcbn prev(2*i+2*l,1) = f*( −2*(X(1)−Xprev(1))/(den) − ( ...

(X(1)−Xprev(1))ˆ2 + (X(2)−Xprev(2))ˆ2 )*( B(i,2)−X(2) )/( ...

denˆ2 ) );

82 jcbn prev(2*i+2*l,2) = f*( −2*(X(2)−Xprev(2))/(den) − ( ...

(X(1)−Xprev(1))ˆ2 + (X(2)−Xprev(2))ˆ2 )*( X(1)−B(i,1) )/( ...

denˆ2 ) );

83 end

84

85

86

87

88 end
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Appendix C

MATLAB: Generating disparity

1 function [Y] = measurement model 2(X,Xprev,Yprev,B,f)

2 %MEASUREMENT MODEL model for a single camera measurement

3

4 %dimension of the state vector

5 n = size(X,1);

6 %total number of beacons

7 b = size(B,1);

8 %total number of landmarks being estimated

9 l = (n − 3)/2;

10 %dimension of the measurement vector

11 m = 2*(l + b);

12

13 Y = zeros(m,1);

14

15 %measurement of the landmarks

16 for i = 1:l

17 %calculate indices of landmarks in state vector

18 lx = 2*i + 2;

19 ly = 2*i + 3;

20 %bearing measurement

21 Y(2*i−1) = f*( (X(lx)−X(1))*cosd(X(3))+(X(ly)−X(2))*sind(X(3)) ...

)/( −(X(lx)−X(1))*sind(X(3))+(X(ly)−X(2))*cosd(X(3)) );

76



22 %disparity measurement

23 alpha = radtodeg(atan2( (X(2)−Xprev(2)),(X(1)−Xprev(1)) ));

24 Y(2*i) = − ( f*Y(2*i−1)*cosd(alpha−X(3)) − ...

(fˆ2)*sind(alpha−X(3)) )/( Y(2*i−1)*sind(alpha−X(3)) + ...

f*cosd(alpha−X(3)) ) ...

25 + ( f*Yprev(2*i−1)*cosd(alpha−Xprev(3)) − ...

(fˆ2)*sind(alpha−Xprev(3)) )/( ...

Yprev(2*i−1)*sind(alpha−Xprev(3)) + ...

f*cosd(alpha−Xprev(3)) );

26 end

27 %measurement of the beacons (no difference from landmarks case)

28 for i = 1:b

29 %bearing measurement

30 Y((2*i−1)+2*l) = f*( ...

(B(i,1)−X(1))*cosd(X(3))+(B(i,2)−X(2))*sind(X(3)) )/( ...

−(B(i,1)−X(1))*sind(X(3))+(B(i,2)−X(2))*cosd(X(3)) );

31 %disparity measurement

32 Y(2*i+2*l) = − ( f*Y(2*i−1+2*l)*cosd(alpha−X(3)) − ...

(fˆ2)*sind(alpha−X(3)) )/( Y(2*i−1+2*l)*sind(alpha−X(3)) + ...

f*cosd(alpha−X(3)) ) ...

33 + ( f*Yprev(2*i−1+2*l)*cosd(alpha−Xprev(3)) − ...

(fˆ2)*sind(alpha−Xprev(3)) )/( ...

Yprev(2*i−1+2*l)*sind(alpha−Xprev(3)) + ...

f*cosd(alpha−Xprev(3)) );

34 end

35

36

37 end
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Appendix D

MATLAB: EKF Simulation

1 %EKF simulation

2 clear all;

3

4 load('scene1.mat'); %load landmarks and camera trajectory

5 l = 1; %number of landmarks to estimate

6 b = 2; %number of beacons

7 n = 2*l + 6; %dimension of the state vector

8 m = 2*(l + b); %dimension of the measurement vector

9 T = 0.1; %time interval between measurements in seconds

10 t = traj(2,4) − traj(1,4); %time step in given trajectory

11

12 X = traj(1:(T/t):size(traj,1),1:3)'; %the true state

13 it = size(X,2); %number of iterations

14 %append the landmark states

15 X L = zeros(2*l,it);

16 for i = 1:l

17 X L(2*l−1,:) = ones(1,it)*landmarks(i,1);

18 X L(2*l,:) = ones(1,it)*landmarks(i,2);

19 end

20 X = [X;X L];

21

22 %create matrices
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23 K = zeros(n,m,it); %Kalman gain

24 Xb = zeros(n,it); %State estimate

25 Yn = zeros(m,it); %Measurement vector

26 Pb = zeros(n,n,it); %Estimate covariance

27 lambda = zeros(n, it); %State eigenvalues

28 B = landmarks(l+1:b+l,:); %Beacons

29 R = zeros(m,m); %Measurement noise covariance

30 F = zeros(n,n); %Process model jacobian

31 H = zeros(m,n); %Measurement model jacobian

32

33 stdm = 0.074; %standard deviation of the camera resolution noise

34 f = 20; %the focal length of the camera

35

36

37 %set noise covariance matrices

38 sigma ax = 0.5;

39 sigma ay = 0.5;

40 sigma at = 0.1;

41 sigma al = 0.001;

42 Q x = [(Tˆ3/3), (Tˆ2/2);

43 (Tˆ2/2), T]*sigma ax;

44 Q y = [(Tˆ3/3), (Tˆ2/2);

45 (Tˆ2/2), T]*sigma ay;

46 Q t = [(Tˆ3/3), (Tˆ2/2);

47 (Tˆ2/2), T]*sigma at;

48 Q l = eye(2*l)*0.001;

49 Q = [Q x, zeros(2), zeros(2), zeros(2*l);

50 zeros(2), Q y, zeros(2), zeros(2*l);

51 zeros(2), zeros(2), Q t, zeros(2*l);

52 zeros(2), zeros(2), zeros(2), Q l];

53

54 R = R + eye(m)*stdm;

55 for i = 2:2:m

56 R(i,i−1) = stdm*10;

57 R(i,i) = stdm*1000;

58 R(i−1,i) = stdm*10;
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59 end

60

61

62

63 %initialize matrices

64

65 Xb(:,1) = [ −160; %the initial estimate

66 1.2;

67 −90;
68 0;

69 −45;
70 1;

71 38;

72 42 ];

73

74 Pb(:,:,1) = [ 50 0 0 0 0 0 0 0; %the initial state covariance

75 0 2.5 0 0 0 0 0 0;

76 0 0 50 0 0 0 0 0;

77 0 0 0 2.5 0 0 0 0;

78 0 0 0 0 20 0 0 0;

79 0 0 0 0 0 2.5 0 0;

80 0 0 0 0 0 0 50 0;

81 0 0 0 0 0 0 0 50 ];

82

83 %generate first measurement

84 [Yn(:,2), ¬, ¬] = measurement model(X(:,2),X(:,1),B,f);

85 Yn(:,2) = Yn(:,2) + normrnd(zeros(m,1),stdm); %add noise

86 [Xb(:,2), ¬] = process model(Xb(:,1),T);

87 Pb(:,:,2) = Pb(:,:,1);

88

89 %start the filter

90 for k=3:it

91

92 %generate measurement vector

93 [Yn(:,k), ¬, ¬] = ...

measurement model 2(X(:,k),X(:,k−1),Yn(:,k−1),B,f);
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94 Yn(:,k) = Yn(:,k) + normrnd(zeros(m,1),stdm); %add noise

95 %now estimate

96

97 [Xa, F] = process model(Xb(:,k−1),T); %predicted state

98

99 Pa = F*Pb(:,:,k−1)*F' + Q; %predicted covariance

100 [Ya, H1 temp, H2 temp] = ...

measurement model([Xa(1);Xa(3);Xa(5);Xa(7:n)],[Xb(1,k−1);Xb(3,k−1)],B,f); ...

%predicted measurement

101 H = [H1 temp(:,1), zeros(m,1), H1 temp(:,2), zeros(m,1), ...

H1 temp(:,3), zeros(m,1), H1 temp(:,4:size(H1 temp,2))];

102 H prev = [H2 temp(:,1), zeros(m,1), H2 temp(:,2), zeros(m,1), ...

H2 temp(:,3), zeros(m,1), H2 temp(:,4:size(H2 temp,2))];

103 %update step

104 W = R + H prev*Q*(H prev');

105 K(:,:,k) = Pa*H'/(H*Pa*H' + W); %noise is additive (constant ...

velocity model) so G w is identity

106 Xb(:,k) = Xa + K(:,:,k)*(Yn(:,k) − Ya);

107 Pb(:,:,k) = (eye(n) − K(:,:,k)*H)*Pa;

108

109 %covariance matrix eigenvalues

110 lambda(:,k) = eig(Pb(:,:,k));

111 end

112

113 figure('Name','Case 6: without beacon no ...

disparity','NumberTitle','off');

114 subplot(5,1,1);

115 hold on;

116 title('Position X Estimate');

117 plot(X(1,:),'g');

118 plot(Xb(1,:),'r');

119 legend('True State','Estimate','Location','NorthEastOutside');

120 subplot(5,1,2);

121 hold on;

122 title('Position Y Estimate');

123 plot(X(2,:),'g');
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124 plot(Xb(3,:),'r');

125 legend('True State','Estimate','Location','NorthEastOutside');

126 subplot(5,1,3);

127 hold on;

128 title('Angle Estimate');

129 plot(X(3,:),'g');

130 plot(Xb(5,:),'r');

131 legend('True State','Estimate','Location','NorthEastOutside');

132 subplot(5,1,4);

133 hold on;

134 title('Landmark X Estimate');

135 plot(X(4,:),'g');

136 plot(Xb(7,:),'r');

137 legend('True State','Estimate','Location','NorthEastOutside');

138 subplot(5,1,5);

139 hold on;

140 title('Landmark Y Estimate');

141 plot(X(5,:),'g');

142 plot(Xb(8,:),'r');

143 legend('True State','Estimate','Location','NorthEastOutside');

144

145 figure('Name','Case 6: no beacon no disparity, ...

Eigenvalues','NumberTitle','off');

146 hold on;

147 subplot(8,1,1);

148 title('Lambda 1');

149 plot(lambda(1,:),'b');

150 subplot(8,1,2);

151 title('Lambda 2');

152 plot(lambda(2,:),'b');

153 subplot(8,1,3);

154 title('Lambda 3');

155 plot(lambda(3,:),'b');

156 subplot(8,1,4);

157 title('Lambda 4');

158 plot(lambda(4,:),'b');

82



159 subplot(8,1,5);

160 title('Lambda 5');

161 plot(lambda(5,:),'b');

162 subplot(8,1,6);

163 title('Lambda 6');

164 plot(lambda(6,:),'b');

165 plot(lambda(4,:),'b');

166 subplot(8,1,7);

167 title('Lambda 7');

168 plot(lambda(7,:),'b');

169 subplot(8,1,8);

170 title('Lambda 8');

171 plot(lambda(8,:),'b');

172

173 figure('Name','Case 6: no beacon no disparity, ...

World','NumberTitle','off');

174 hold on;

175 axis equal;

176 plot camera([X(1,1:floor(size(X,2)/10):size(X,2))' ...

X(2,1:floor(size(X,2)/10):size(X,2))' ...

X(3,1:floor(size(X,2)/10):size(X,2))'],25);

177 plot landmark(B,25);

178 plot landmark(landmarks(1:l,:),25,[1 1 1]);

179 for k=1:floor(size(X,2)/10):size(X,2)

180 cov = [Pb(1,1,k), Pb(1,3,k);

181 Pb(3,1,k), Pb(3,3,k)];

182 lambda = eig(cov);

183 [S D] = eig(cov);

184 scale = 2.447;

185 [a a i] = max(lambda); %find maximum eigenvalue

186 [b b i] = min(lambda); %find minimum eigenvalue

187 a = scale*sqrt(a); %scale according to confidence interval

188 b = scale*sqrt(b);

189 hold on;

190 plot(Xb(1,k),Xb(3,k),'r*');

191 if cov(1,1)≥cov(2,2) %resolve tilt of the ellipse
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192 theta = atan2(S(2,a i),S(1,a i));

193 x axis = a;

194 y axis = b;

195 else

196 theta = atan2(S(2,b i),S(1,b i));

197 x axis = b;

198 y axis = a;

199 end

200

201 r=disc(Xb(1,k),Xb(3,k),x axis,y axis,theta,[1 1 0]);

202 set(r,'FaceAlpha',0.5);

203 end

204 k = size(X,2);

205 %find and plot uncertainty ellipse for landmark

206 cov = [Pb(7,7,k), Pb(7,8,k);

207 Pb(8,7,k), Pb(8,8,k)];

208 lambda1 = eig(cov);

209 [S D1] = eig(cov);

210 scale = 2.447;

211 [a a i] = max(lambda1); %find maximum eigenvalue

212 [b b i] = min(lambda1); %find minimum eigenvalue

213 a = scale*sqrt(a); %scale according to confidence interval

214 b = scale*sqrt(b);

215 hold on;

216 if cov(1,1)≥cov(2,2) %resolve tilt of the ellipse

217 theta = atan2(S(2,a i),S(1,a i));

218 x axis = a;

219 y axis = b;

220 else

221 theta = atan2(S(2,b i),S(1,b i));

222 x axis = b;

223 y axis = a;

224 end

225 plot(Xb(7,k),Xb(8,k),'r*');

226 r=disc(Xb(7,k),Xb(8,k),x axis,y axis,theta,[0 1 1]);

227
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228 figure;

229 mov = avifile('simulation.avi', 'fps', 15);

230 for k = 1:floor(size(X,2)/100):size(X,2)

231 clf

232 hold on;

233 axis([−180 380 −180 200]);

234 %plot world

235 plot landmark(B,25);

236 plot landmark(landmarks(1:l,:),25,[1 1 1]);

237 plot camera(X(1:3,k)',25);

238 %find and plot uncertainty ellipse for camera

239 cov = [Pb(1,1,k), Pb(1,3,k);

240 Pb(3,1,k), Pb(3,3,k)];

241 lambda1 = eig(cov);

242 [S D] = eig(cov);

243 scale = 2.447;

244 [a a i] = max(lambda1); %find maximum eigenvalue

245 [b b i] = min(lambda1); %find minimum eigenvalue

246 a = scale*sqrt(a); %scale according to confidence interval

247 b = scale*sqrt(b);

248 hold on;

249 plot(Xb(1,k),Xb(3,k),'r*');

250 if cov(1,1)≥cov(2,2) %resolve tilt of the ellipse

251 theta = atan2(S(2,a i),S(1,a i));

252 x axis = a;

253 y axis = b;

254 else

255 theta = atan2(S(2,b i),S(1,b i));

256 x axis = b;

257 y axis = a;

258 end

259

260 r=disc(Xb(1,k),Xb(3,k),x axis,y axis,theta,[1 1 0]);

261 set(r,'FaceAlpha',0.5);

262 %find and plot uncertainty ellipse for landmark

263 cov = [Pb(7,7,k), Pb(7,8,k);
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264 Pb(8,7,k), Pb(8,8,k)];

265 lambda1 = eig(cov);

266 [S D1] = eig(cov);

267 scale = 2.447;

268 [a a i] = max(lambda1); %find maximum eigenvalue

269 [b b i] = min(lambda1); %find minimum eigenvalue

270 a = scale*sqrt(a); %scale according to confidence interval

271 b = scale*sqrt(b);

272 hold on;

273 if cov(1,1)≥cov(2,2) %resolve tilt of the ellipse

274 theta = atan2(S(2,a i),S(1,a i));

275 x axis = a;

276 y axis = b;

277 else

278 theta = atan2(S(2,b i),S(1,b i));

279 x axis = b;

280 y axis = a;

281 end

282 plot(Xb(7,k),Xb(8,k),'r*');

283 r=disc(Xb(7,k),Xb(8,k),x axis,y axis,theta,[0 1 1]);

284 plot(X(1,:),X(2,:),'b:'); %plot trajecetory

285 set(r,'FaceAlpha',0.5);

286 opengl('software');

287 W frame = getframe(gcf);

288 mov = addframe(mov, W frame);

289 end

290 mov = close(mov);
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