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ABSTRACT

This paper establishes the proper notation and precise interpretation for Laplacian flows on simplicial complexes.
In particular, we have shown how to interpret these flows as time-varying discrete differential forms that converge
to harmonic forms. The stability properties of the corresponding dynamical system are shown to be related to the
topological structure of the underlying simplicial complex. Finally, we discuss the relevance of these results in the
context of networked control and sensing.

I. I NTRODUCTION AND MOTIVATION

In this paper, we introduce the concept of higher order combinatorial Laplacians of simplicial complexes within the
context of networked sensing and control. During the last few years, the graph Laplacian has been used as a powerful
tool that lets the network topology be incorporated directly into the dynamics of a networked dynamical system, e.g.
[14], [16], [17], [19], [20]. Using tools from algebraic topology, this paper presents a generalization of these ideas
through a generalization of the graph Laplacian. The higherorder Laplacians do not exist on graphs, but on higher order
combinatorial structures called as simplicial complexes.In particular we will study the family of dynamical systems

∂ω

∂t
= −∆kω, k ≥ 0,

where∆k is thek-th order Laplacian operator, andw in an element of the exterior algebra of certain vector spaces on
a simplicial complex.

The motivation for studying this dynamical system comes from some recent work [4], [10], [12] in which researchers
have characterized various properties of a networked system such as coverage and routing by certain topological properties
of the network. These research efforts have a strong resonance with programs in computational algebraic topology, discrete
differential geometry and discrete geometric mechanics [5], [6], [11]. The null spaces of the higher order Laplacians
have some very deep connections with the computation of topological invariants. As these null-spaces correspond to
the equilibrium points of the above-mentioned family of dynamical systems, the computation of topological invariants
is related to the convergence properties of these dynamicalsystems. The approach taken in this paper is desirable for
related research questions in networked sensing and control as it indicates towards devising more quantitative methods
and implementation using distributed computation.

Since we use certain concepts from algebraic topology that are not familiar in the systems and networks community, we
elaborate on the precise mathematical interpretation of this dynamical system. Specifically, we summarize the properties
of simplicial complexes, their homology & cohomology groups and their relation to harmonic analysis via combinatorial
Hodge theory. Using this language we interpret the higher order Laplacians as operators ondiscrete differential forms.
We also make the connection between the theory of differential forms for differential manifolds and the calculus for
discrete forms. We will see that this connection provides a powerful interpretation that lets transport the more familiar
ideas in the continuous setting of differential manifolds to the discrete setting of simplicial complexes. We also insist that
the theory of combinatorial Laplacians exist independently of the continuous setting and should not always be thought
as anapproximation.

This paper is organized as follows. We outline some basic concepts of simplicial complexes and their topological
invariants in Section II. In Section III we introduce the reader to basic Hodge theory. Next, we work out a detailed
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example to elaborate on these concepts. We conclude this section by giving an interpretation of these results in light of
the more familiar theory of differential forms on Riemannian manifolds. This mathematical machinery is used in Section
IV to study Laplacian flows on simplicial complexes. We conclude by summarizing our observations in Section V.

II. SIMPLICIAL COMPLEXES AND THEIRTOPOLOGICAL INVARIANTS

We first need to introduce some basic tools from algebraic topology for generalizing the concepts of algebraic graph
theory that will subsequently be used for designing controlnetworked algorithms. (For a thorough treatment of this
subject, see for example [2], [13], [18].)

A. Simplicial Complexes

Graphs can be generalized to more expressive combinatorialobjects known as a simplicial complexes. Simplicial
complexes are a class of topological spaces that are made of simplices of various dimensions. Given a set of points
V , a k-simplex is an unordered subset{v0, v1, . . . , vk} wherevi ∈ V and vi 6= vj for all i 6= j. The faces of this
k-simplex consist of all(k− 1)-simplices of the form{v0, . . . , vi−1, vi+1, . . . , vk} for 0 ≤ i ≤ k. A simplicial complex
is a collection of simplices which is closed with respect to the inclusion of faces. Graphs are a concrete example,
where the vertices of the graph correspond toV and edges correspond to 1-simplices. The orderings of the vertices
correspond to anorientation. A k-simplex{v0, . . . , vk} together with an order type is anoriented k-simplex denoted
by [v0, . . . , vk] (see Figure 1 for typical examples of simplices in dimensionzero through three), where a change in
orientation corresponds to a change in the sign of the coefficient:

[v0, . . . , vj , . . . , vi, . . . , vk] = −[v0, . . . , vi, . . . , vj , . . . , vk].

0- Simplex [v0] 1- Simplex [v0, v1]

2- Simplex [v0, v1, v2] 3- Simplex [v0, v1, v2, v3]

v0
v0

v1

v0 v1

v2

v2

v0

v1

v3

Fig. 1. Oriented simplices of dimension zero through three.

We also generalize the concepts of adjacency and degree for graphs. Twok-simplicesσi and σj of a simplicial
complexX are upper adjacent if both are faces of somek + 1-simplex in X . We denote this adjacency byσi a σj .
The upper degree of a k-simplex, denoteddegu(σ), is the number ofk + 1-simplices inX of which σ is a face. Now,
give X an orientation and supposeσi a σj with a commonk +1-simplexξ. If the orientations ofσi andσj agree with
the ones induced byξ thenσi, σj are said to besimilarly oriented with respect toξ. If not, we say that the simplices
are dissimilarly oriented. In a similar fashion, we also definelower adjacency and lower degree of simplices. Two
k-simplicesσi andσj of a simplicial complexX are lower adjacent if both have a common face. We denote this by
σi ` σj . The lower degree of a k-simplex, denoteddegl(σ), is equal to the number of faces inσ.

B. Exterior Algebra of a Vector Space and Boundary Operators

Let V be a vector space spanned by{x1, · · · , xN}. Denote byxi ∧ xj = xi⊗ xj − xj ⊗ xi. Let the space of all such
(exterior) products be denoted by

∧1
(V ). Similarly, for anyk > 1, we can find the space

∧k
(V ) ≃ V ⊗V · · ·⊗V/ ∼ by

the appropriate anti-symmetrization operation. It is endowed with an exterior product∧, which satisfies for allu, v ∈ V ,

1) v ∧ v = 0.
2) v ∧ u = −u ∧ v.



3) v1 ∧ v2 · · · ∧ vk = 0 wheneverv1, · · · , vk are linearly independent.

This is theexterior algebra of a vector spaceV . A boundary operator ∂k :
∧k(V )→

∧k−1(V ) can be defined as

∂k(v1 ∧ v2 · · · ∧ vk) =

n∑

j=0

(−1)j(v1 ∧ · · · ∧ v̂j ∧ · · · vk),

wherev̂j denotes omission from the product. We see below, how exterior algebras and boundary operators can be defined
on a simplicial complex.

C. Chain Complexes and Homology

For eachk ≥ 0, denote byCk(X), the vector space whose basis is the set of orientedk-simplices ofX . Fork larger than
the dimension ofX , Ck(X) = 0. The elements of these vector spaces are called aschains, which are linear combinations
of the basis elements. Theboundary map is defined to be the linear transformations∂k : Ck(X) → Ck−1(X) which
acts on basis elements[v0, . . . , vk] via

∂k[v0, . . . , vk] :=

k∑

i=0

(−1)i[v0, . . . , vi−1, vi+1, . . . , vk],

as illustrated in Figure 2. These boundary maps gives rise toa so-calledchain complex, which can be defined as a

∂

v0

v1

v2

[v0, v1, v2] [v1, v2] − [v0, v2] + [v0, v1]

[v0, v1, v2, v3]

v2

v0

v1

v3

∂ [v1, v2, v3] − [v0, v2, v3] + . . .

. . . + [v0, v1, v3] − [v0, v1, v2]

Fig. 2. The boundary operator on a 2-simplex [top] and a 3-simplex [bottom].

sequence of vector spaces and linear transformations

0→ Cn(X)→ · · ·
∂k+1

−→ Ck(X)
∂k−→ Ck−1(X) · · ·

∂2−→ C1(X)
∂1−→ C0(X)→ 0.

When dealing with a finite simplicial complexX , the vector spacesCi(X) are also of finite dimension. Therefore we
can easily represent the boundary maps∂i : Ci(X) → Ci−1(X) in matrix form. By doing a simple calculation of

∂k∂k−1 using Equation 1, it is easy to see that the compositionCk(X)
∂k−→ Ck−1(X)

∂k−1

−→ Ck−2(X) is zero. From this,
it follows that im ∂k ⊂ ker ∂k−1. Thek-th homology group of the spaceX is defined as

Hk(X) = ker ∂k/im ∂k+1.

Homology groups are used to distinguish topological spacesfrom one another by identifying the number of ‘holes’ of
various dimension, contained in these spaces. Each non-trivial homology class in a certain dimension helps identify a



corresponding hole in that dimension. Crudely speaking, the dimension ofH0(X) is the number of connected components
(0-dimensional holes) ofX . the dimension ofH1(X) is the number of non-contractable cycles inX . For a surface, it
identifies the ‘punctures’ in that surface. For a graph it is the number of loops or circuits.H2(X) identifies the number
of 3-dimensional voids in a space and so on.

D. Co-chains and Cohomology

If the vector spacesCi(X) are defined overR, then one can give an inner product structure to eachCi(X ; R) that
makes the basis orthogonal.1 This allows us to define the dual space of the vector spaceCi(X ; R). A member of this dual
space is a real-valued map from the chains toR. These maps are theco-chains and the dual space HomR(Ci(X ; R), R)
is denoted byCi(X ; R) for dimensioni. Since chains are linear combinations of simplices, each map is completely
described by specifying its value on each simplex. By duality, we can identifyCi(X ; R) with Ci(X ; R) via the inner
product. It is therefore possible to define a dual operator, which is called as theco-boundary map

δi : Ci(X ; R)→ Ci+1(X ; R).

δi is is simply the adjoint∂∗

i+1 of the boundary map∂i+1. If φ ∈ Ci(X), then for a simplexσ = [v0, · · · , vi+1] ∈
Ci+1(X)

δiφ(σ) =
i+1∑

j=0

(−1)jφ([v0, · · · , vj−1, vj+1, · · · .vi+1])

In other words, the mapδiφ when evaluated on the simplexσ, is equal to the sum of the evaluations ofφ on all faces
of σ. Sinceδi = ∂∗

i+1, the matrix representation of the co-boundary operator forfinite simplicial complexes is simply
a matrix transpose of the corresponding boundary operator.

Note that the co-boundary maps satisfyδiδi+1 = 0. Therefore, the co-boundary operators also form a chain complex
from which the so-called cohomology groups can be obtained.More precisely, the chain complex

0← Cn(X ; R)← · · ·
δk←− Ck(X ; R)

δk−1

←− Ck−1(X ; R) · · ·
δ1←− C1(X ; R)

δ0←− C0(X ; R)← 0

gives rise to the cohomology groups
Hk(X ; R) = ker δk/im δk−1.

When the coefficients in homology and cohomology are chosen over R (or any other field), the cohomology groups are
the exact dual to the homology groups, as a consequence of theuniversal coefficient theorem [13]. In other words,

Hk(X ; R) ≃ HomR(Hk(X ; R), R). (1)

This means that given a cohomology class in the dual space, itis possible to find the corresponding unique homology
class.

III. H IGHER ORDER LAPLACIANS AND HODGE THEORY

A. Combinatorial k-Laplacians

Using the above definitions of the boundary and co-boundary operators, one can define the operators∆k : Ck(X ; R)→
Ck(X ; R) andLk : Ck(X ; R)→ Ck(X ; R) by

∆k = δk−1δ
∗

k−1 + δ∗kδk,

Lk = ∂k+1∂
∗

k+1 + ∂∗

k∂k.

where the operators have simple matrix representations andδ∗k = ∂k+1. It is easy to see that both operators are
representations of the same transformation, one in the original spaceCk(X ; R) and the other in its dual spaceCk(X ; R).
Therefore, from the point of view of a matrix computation, both representations can be used interchangeably without

1Other fields such asQ, Zp, C can also work.



any ambiguity. We stress on this point since we will useLk on chainsCk(X ; R) for explicit computations, but will
interpret the results on co-chains inCk(X ; R) for interpretation and visualization.

These operators were introduced by Eckmann in 1945 [9], and has been studied since then under the name of
combinatorial Laplacians [8], [11], [21]. Eckmann, in fact proved an analog of Hodge theory for harmonic differnential
forms on Riemannian manifolds, by proving a similar construction for simplicial complexes. He noted that eachCk(X ; R)
decomposes into orthogonal subspaces

Ck(X ; R) = Hk(X)⊕ im(∂k+1)⊕ im(∂∗

k),

where
Hk(X) = {c ∈ Ck(X) : Lkc = 0} = kerLk.

From this follows that for eachk, there is an isomorphism

Hk(X ; R) ∼= Hk(X).

This means that in order to compute the homology (or the dual cohomology) groups of a simplicial complex, it is
enough to study the null space of the matrixLi. The eigenvectors ofLi corresponding to the zero eigenvalues are
the representative cycles (or cocycles) of a particular homology (or cohomology) class. The set{Hk(X)} has a deep
connection with harmonic analysis. Anyc ∈ Ci(X ; R) is calledharmonic if Lic = 0. Similarly its dualω ∈ Ci(X ; R) is
called harmonic if∆iω = 0. The harmonic cocycles are natural analogs of harmonic differential forms on Riemannian
manifolds. We discuss this connection shortly.

As mentioned earlier, the boundary operators and their adjoints have matrix representations. In other words, we
can also give a matrix representation to the Laplacian. Through this matrix representation, it can be seen that the more
familiar graph Laplacian is synonymous withL0 : C0(X)→ C0(X). Since there are no simplices of negative dimension,
C−1(X) is assumed to be0. Also, the maps∂0 and∂∗

0 are assumed to be zero maps so that

L0 = ∂1∂
∗

1 .

The boundary map∂1 : C1(X) → C0(X) maps edges to vertices and its matrix representation is exactly equal to
the more familiar incidence matrixB of a graph. Therefore we haveL0 = BBT , which is the graph Laplacian from
algebraic graph theory. It is easy to see that

(L0)ij =






deg(vi), if i = j,

−1, ifvi ∼ vj ,

0, otherwise,

wheredeg(vi) (degree of a vertex in a graph) is the same asdegu(vi) and the adjacency relationvi ∼ vj (adjacency
of two vertices in an edge) is the same asvi a vj defined previously. One can also writeL0 in the familiar averaging
formula,

L0(vi) =
∑

viavj

(vi − vk).

Let us generalize these representations fork > 0. Let σ1, · · · , σn be the orientedk-simplices ofX . We observe that

(∂k+1∂
∗

k+1)ij =






degu(σi) if i = j,

1 if i 6= j, σi a σj with dissimilar orientation,

−1 if i 6= j, σi a σj , with similar orientation,

0 otherwise.

Similarly,

(∂∗

k∂k)ij =






k + 1 if i = j,

1 if i 6= j, σi ` σj with similar orientation,

−1 if i 6= j, σi ` σj , with dissimilar orientation,

0 otherwise.



Note that ifσi a σj , then it is always the case thatσi ` σj with an opposite orientation similarity. Therefore, whenever
σi a σj , (∂∗

k∂k)ij + (∂k+1∂
∗

k+1)ij = 0. Combining these observations, we get

(Lk)ij = (∂∗

k∂k)ij + (∂k+1∂
∗

k+1)ij =






degu(σi) + k + 1 if i = j,

1 if i 6= j, σi 6a σj , and

σi ` σj with similar

orientation,

−1 if i 6= j, σi 6a σj , and

σi ` σj with dissimilar

orientation,

0 if i 6= j and eitherσi a σj

or σi 6` σj .

Let ǫij ∈ {−1, 1} capture the similarity or dissimilarity of orientation between simplicesσi, σj , then the formula for
the k-Laplacian can be explicitly written at the simplex level as,

Lk(σi) = (degu(σi) + k + 1)σi +
∑

σi`σj

ǫijσj −
∑

σiaσm

ǫimσm. (2)

Finally, if nk is the number ofk-simplices inX , D = diag(degu(σ1), · · · , degu(σnk
)), andAu, Al denote the upper

and lower adjacency matrices between thek-simplices respectively, then

Lk = D −Au + (k + 1)Ink
+ Al, k > 0.

For k = 0, we have the familiar matrix decomposition from algebraic graph theory,

L0 = D −Au.

B. Examples

We now give a simple example to illustrate these formulae. Consider the simplicial complexK given in Figure 3.
The boundary operators are given below.

∂1 =

[12] [13] [23] [24] [34] [35] [45]
−1 −1 0 0 0 0 0 [1]

1 0 −1 −1 0 0 0 [2]
0 1 1 0 −1 −1 0 [3]
0 0 0 1 1 0 −1 [4]
0 0 0 0 0 1 1 [5]

∂2 =

[2, 3, 4]
0 [1, 2]
0 [1, 3]
1 [2, 3]
−1 [2, 4]

1 [3, 4]
0 [3, 5]
0 [4, 5]

The Laplacians are computed as

L0 =





2 −1 −1 0 0
−1 3 −1 −1 0
−1 −1 4 −1 −1

0 −1 −1 3 −1
0 0 −1 −1 2




, L1 =





2 1 −1 −1 0 0 0
1 2 1 0 −1 −1 0
−1 1 3 0 0 −1 0
−1 0 0 3 0 0 −1

0 −1 0 0 3 1 −1
0 −1 −1 0 1 2 1
0 0 0 −1 −1 1 2





, L2 = 3.
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0.6168

-0.6168

Fig. 3. A simplicial complexK of dimension 2. The numbers labelled on the edges correspondto the corresponding components of one of the two
zero-eigenvectors of the1-Laplacian ofK.

Let us compute the eigenvector decomposition ofL1. It turns out that it has two eigenvalues equal to zero. Therefore
the null-space has dimension two and is spanned by the vectors

v1 =





−0.1005
0.1005
0.1386
−0.2391
−0.3777

0.6168
−0.6168





, v2 =





−0.6090
0.6090
−0.4138
−0.1951

0.2187
−0.0236

0.0236





.

We interpret these results below. The Hodge decomposition described above tells us that the null-space ofL1 is
isomorphic to the first homology groupH1(K; R). Since the dimension of the null-space is two, there are two non-
trivial 1-cycles inK. The two eigenvectors corresponding to the zero eigenvalues represent the two homology classes
of H1(K; R). We can interpret the eigenvectors as follows. Letc ∈ C1(K; R) be a chain whose real valued coefficients
are given by the respective coefficients ofv1.

c = −0.1005[12] + 0.1005[13] + 0.1386[23]− 0.2391[24]− 0.3777[34] + 0.6168[35]− 0.6168[45].

It is clear that the boundary operator∂1 operates onc via ∂1v1 = 0. Therefore∂1c = 0 and c is a 1-cycle. In fact, it
is a non-trivial cycle because∂∗

2v1 = 0, so c 6∈ im ∂2. Hence,c or v1 represents a homology class of the simplicial
complex. In the same way,v2 is a representation of a second non-trivial homology class of H1(K; R). To see whyv1

and v2 represent two different homology classes, observe thatv1 is orthogonal tov2 by virtue of being eigenvectors.
This is consistent with the observation that there are indeed two ‘holes’ in K, one of which is bounded by the edges
[12],[23] and [31], and the other by the edges [34],[45] and [53]. Another important interpretation of the vectorsv1 and
v2 is to consider the co-vectorsv∗1 , v∗2 as functions on the1-simplices (i.e. the edges). As an example, the coefficients
of v1 have been put on their corresponding edges in Figure 3. Identify v∗1 , v∗2 with the mapsφ1, φ2 : C1(K; R) → R,
i.e. φ1, φ2 ∈ C1(K; R). Now observe thatδ1φ1 = ∂∗

2v1 = 0. Similarly δ1φ2 = 0. This means thatφ1, φ2 are both
non-trivial cohomology classes ofH1(K; R).

Now take any chaine ∈ C1(K; R) such that∂1e = 0. If φ1e = 0 thene is a trivial cycle, otherwise it bounds a hole
in K. As an example, let

e = [12]− [13] + [23] ∈ C1(K; R),

then φ1e is computed byv∗1 [1,−1, 1, 0, 0, 0, 0]∗ = −0.1005− 0.1005 + 0.1386 6= 0. In simple words, take any cyclic
path onK and accumulate the corresponding values ofv1 along this path, reversing the sign of the coefficients when
going against the orientation. If the accumulated sum is equal to zero, the path does not bound a hole inK. If
z = [23] + [34]− [24] thenφ1z = −0.3518− 0.3518− 0.7082 = 0.

A more elaborate compuation has been depicted in Figure 4. The simplicial complex has been drawn in the upper left
corner, and is made up of117 nodes,650 edges and1393 two-simplices. The null-space of the1-Laplacian has dimension



Fig. 4. A simplicial complex [upper left], its Harmonic 1-forms [upper right and lower left] and the1-form corresponding to the smallest non-zero
eigenvalue ofL1 [lower right].

2. The two cohomology classes (or for that matter the homologyclasses) correspond to the two zero eigenvectors of
the Laplacian matrix. The two eigenvectors have been depicted in the upper right and lower left parts of the figure. The
thickness of an edge is directly proportional to the magnitude of its corresponding eigenvector component. It can be
seen that the magnitudes peak close to the holes and in this case, distinguish the two holes quite clearly. The co-chain
drawn in the the lower right of the figure corresponds to the smallest non-zero eigenvalue. An interpretation of these
‘near-harmonic’ co-chains will be given later.

C. Differential Forms and the Continuous Laplace-Beltrami Operators

Assume thatω ∈ Ck(X ; R), which is not necessarily a co-cycle.δ1ω ∈ Ck+1(X ; R) is a map from thek-simplices
in X to R. Let s =

∑
j αjσj ∈ Ck+1(X ; R) whereαj ∈ R and σj are thek-simplices. Suppose we wish to do the

computation
δkω(s) =

∑

j

αj .δ1ω(σj).



By duality δk = ∂∗

k+1, which means that
δkω = ω∂k+1

Therefore, ∑

j

αj .δkω(σj) =
∑

j

αj .ω(∂k+1σj) = ω∂k+1(
∑

j

αjσj) = ω∂k+1s.

This computation can be seen as a discretization of Stoke’s theorem for integration over a domainD,
∫

∂D

ω =

∫

D

dω,

where∂D is the boundary of the domain anddω is the differential of ω. This suggests thatCi(X ; R) can also be
interpreted as the set ofdiscrete differential forms on a combinatorial manifoldX . Let us recall below, how the differential
forms are defined on differential manifolds and what is the significance of their cohomology groups.

For Riemannian Manifolds, letT ∗

xM be the vector space, called as the cotangent space atx ∈ Mn. It is locally
spanned by the differentials{dx1, · · · , dxn}. Now define the exterior algebra on this vector space by

∧k
(T ∗

xM). At
eachk,

∧k
(T ∗

xM) is spanned by all exterior products

dxi1 ∧ dxi2 ∧ · · · ∧ dxik︸ ︷︷ ︸
k−times

.

By varying overx ∈ M , we define thek-differential formsΩk(M) = Γ(
∧k

(T ∗M)). Ω0(M) is simply the set of
functions fromM to R. Eachk-form ω ∈ Ωk(M) can be given in local coordinates by

ω =
∑

i1<···<ık

ωi1···ik
dxi1 ∧ dxi2 ∧ · · · ∧ dxik

.

There is a linear operatordk : Ωk(M)→ Ωk+1(M) that locally satisfies

dkω =
∑

i1<···<ık

∂ωi1···ik

∂xj
dxj ∧ dxi1 ∧ dxi2 ∧ · · · ∧ dxik

.

It can be verified thatdk+1dk = 0. Therefore, we have a chain complex

Ωn(M)← · · ·
dk←− Ωk(M)

dk−1

←− Ωk−1(M)← · · ·
d1←− Ω1(M)

d0←− Ω0(M).

The cohomology groups associated with this chain complex are the so-calledDe-Rham Cohomology groups defined by

Hk
DR(M) =

ker dk

imdk−1
.

There is a corresponding co-differential operatord∗k = (−1)n(k+1)+1 ⋆ dk⋆, defined via theHodge-star operator ⋆ :
Ωk(M)→ Ωn−k(M). The Hodge-star operator satisfies

⋆(dxi1 ∧ · · · ∧ dxik
) = dxj1 ∧ · · · ∧ dxjn−k

,

where{dxi1 , · · · , dxik
, dxj1 , · · · , dxjn−k

} form a (positive) basis ofT ∗

xM .
The Laplacian-Beltrami operator on a manifold is defined by

∆k = d∗kdk + dk−1d
∗

k−1.

It can be shown [15] that forM = R
n, this operator can be explicitly written as

∆kω = −
n∑

m=1

∂2ωi1···ik

∂x2
m

dxi1 ∧ · · · ∧ dxik
.



In particular, fork = 0, we have the familiar

∆0f = −

n∑

m=1

∂2f

∂x2
m

= −∇ · (∇f).

on a functionf : M → R. A k-differential formω ∈ Ωk(M) is calledharmonic if

∆kω = 0.

As a direct analog of the Hodge decomposition for simplicialcomplexes described above, every cohomology class in
Hk

DR(M) contains precisely one harmonick-form. It can also be proved that the harmonick-forms are the ones that
minimize theL2-norm onΩk(M) [15]. Hence, the null-spaces of the Laplacian-Beltrami operators are isomorphic to
their respective De-Rham cohomology groups.

Let us now study, how the discretization of thesek-forms leads to analog results on simplicial complexes. Consider a
simplicial complexX obtained by discretizing a manifold. Triangulations are concrete examples of such a construction
for 2-manifolds.C0(X ; R) is the collection of functions on the vertices, which can be seen as the discretization of
functions inΩ0(M). Let f be one such function. The1-form df ∈ Ω1(M) can be approximated on two neighbouring
points,x, x + ∆x ∈M by

df(x) ≈
1

∆x
f(x + ∆x)− f(x).

If v0, v1 are the vertex representation of pointsx, x + ∆x on X and [v0, v1] is a 1-simplex, then

δ0f([v0, v1]) = f(v1)− f(v0).

This clearly suggests thatδ0f is a discretization ofdf on M . A similar interpretation holds for otherk-forms. The
calculus of discrete differential forms has been explored in detail by various researchers [5], [6], [7], [11]. In particular,
the discretization of the Hodge-star operator has led to consistent definitions of a discrete adjoint operatord∗. We
omit these details here as it involves a lengthy digression into duals of simplicial complexes [5], [11]. Using these
results, it is possible to interpret the discrete combinatorial Laplacians as discretizations of the respective continuous
Laplace-Beltrami operators. In particular,

L0 = ∂1∂
∗

1 ,

is just a discretization of
∆0 = −∇ · (∇)

A similar discretization holds for the the higher order Laplacians as well. This interpretation has several advantages.
Most importantly, it allows us to conceptualize the behavior of the combinatorial operator as an approximation of its
continuous counterpart. We conclude with the following observations.

1) It is possible togeometrically approximate the higher order Laplace-Beltrami operators on manifolds to their
discrete analogs using the calculus of discrete differential forms. Since any simplicial complex is realizable in
someR

N for N large enough [18], it may be considered as an approximation to some continuous sub-manifold
in R

N . The approximation however, may be too crude to give a good geometrical insight on the behavior of the
combinatorial Laplacians on the simplicial complex.

2) Due to this interpretation, it is more insightful to consider the combinatorial Laplacians as operators on cochains
(interpreted as discretek-forms), rather than operators on chains of simplices.

3) The combinatorialk-Laplacians, however exist on simplicial complexes, independent of such a conceptual dis-
cretization as shown by Eckmann [9]. Therefore, it is not necessary to see the behavior of the combinatorial
Laplacians in light of a discretization only.



IV. L APLACIAN FLOWS ON SIMPLICIAL COMPLEXES

The graph Laplacian is a powerful tool that allows the network topology to be directly incorporated into the equations
of a networked dynamical system. The most important application of this approach has been seen in consensus problems,
where a simple averaging law such as

ẋi(t) = −
∑

vi∼vj

(xi(t)− xj(t)),

can be re-written as
dc(x, j)

dt
= −L0c(x, j),

where the component operator is given throughc(x, j) = [x1,j , · · · , xN,j]
T . For a connected graph, it can be shown

through the spectral properties ofL0 that all states converge towards a common state. We study below a generalization
of this dynamical system for higher order Laplacians. Let the time flow of a discrete time-varyingk-form ω(t) be given
by ∆kω : R

+ × Ck(X ; R)→ Ck(X ; R). We study the dynamical system

∂ω(t)

∂t
= −∆kω(t), ω(0) = ω0 ∈ Ck(X ; R). (3)

The equilibrium points of this dynamical system is the set ofk-forms given by

{ω ∈ Ck(X ; R) | ∆kω = 0} = ker(∆k).

Let us recall a few definitions of stability of a dynamical system. A dynamical systeṁx(t) = f(x(t)) is calledLyapunov
stable, if for every initial conditionx(0), x(t) is bounded for allt ≥ 0. It is semi-stable, if for every initial conditionx(0),
limt→∞ x(t) exists. If is calledasymptotically stable, if for every initial conditionx(0), limt→∞ x(t) = 0. Asymptotic
stability is stronger than semi-stability, and semi-stability is stronger than Lyapunov stability.

An eigenvalueλ of a linear operatorA is called semi-simple if its algebraic multiplicity (the number of times the
eigenvalue repeats in the spectrum) is equal to its geometric multiplicity given bydim(ker(λI −A)). It can be shown
that alinear dynamical system [1] is Lyapunov stable if all of its eigenvalues have either anegative real part, or they are
purely imaginary and semi-simple. It is semi-stable, if itseigenvalues have a negative real part or they are semi-simple
zeros. It is asymptotically stable if all eigenvalues have anegative real part. We observe the following result.

Proposition IV-A: The dynamical system of Equation 3 is semi-stable.
Proof: Let there benk number ofk-simplices inX . Let the eigenvalues of∆k be given byλ1 ≤ λ2 ≤ · · · ≤ λnk

. As
δk−1δ

∗

k−1 � 0 andδ∗kδk � 0, it follows that∆k = δk−1δ
∗

k−1 + δ∗kδk � 0. Therefore, all of its eigenvalues are real and
λi ≥ 0 for all i ≤ nk. If the null-spaceM has dimensionβk = 0, then all eigenvalues of the dynamical system are
real-negative, and therefore the system is asymptoticallystable, which also implies semi-stability.

If β > 0, then the algebraic multiplicity ofλ1 = 0 is the same as its geometric multiplicitydim(ker(λ1I−∆k)) = βk.
Therefore, all eigenvalues of the system in Equation 3 are either negative or semi-simple zero. This implies that the
system is always, at least semi-stable.

Note that the condition thatβk = 0 is equivalent to saying that thek-th cohomology group (or the respectivek-th
homology group) is zero. Therefore, we have the following corollary.

Corollary IV-B: The system in Equation 3 is asymptotically stable if and onlyif Hk(X ; R) = 0.
This proves that for any initialω(0) ∈ Ck(X ; R), the trajectoryω(t), t ≥ 0 always converges to some point inker∆k.
Therefore the dynamical system is a mechanism for producingdiscrete harmonick-forms on simplicial complexes from
any arbitaryk-forms. Snapshots of a simulation of one such flow has been given in Figure 6.

It should be noted however that the dynamical system produces the harmonick-form only in the limit. We would
therefore like toestimate how close the trajectory at timet is to the limit. Let ω∞ = limt→∞ ω(t) for the system
initially at ω(0). The measurable quantity‖∂ω(t)/∂t‖ = ‖∆kω(t)‖ helps us with this estimation, where‖.‖ is the usual
L2-norm as we are only dealing with simplicial complexes that have a finite number of simplices in each dimension.
Note that∆kω∞ = 0. We have

‖∆kω(t)‖ = ‖∆kω(t)−∆kω∞‖ ≤ ‖∆k‖‖ω(t)− ω∞‖.



Fig. 5. The1-Laplacian flow on a simplicial complex with one non-trivial(co)homology class. The flow stabilizes to a harmonic1-form that
accumulates high energy on the edges close to the hole.

Therefore,

‖ω(t)− ω∞‖ ≥
‖∆kω(t)‖

‖∆k‖
.

Since‖∆k‖
2 =

∑nk

i=1 λ2
i , for t large enough, the convergence is dominated by the smallest non-zero eigenvalueλ+.

Hence
‖ω(t)− ω∞‖ ≥

1

λ+
‖∆kω(t)‖. (4)

This gives us an upper bound. To obtain a lower bound, note that

ω(t) = exp(−∆kt)ω(0).

By the semi-stability of the system,limt→∞ exp(−∆kt) exists. Furthermore, since the eigenvalues are real,

exp(−∆kt) =

nk∑

k=1

exp(−λkt)vkv∗k,

wherevk ∈ Ck(X ; R) are the eigenvectors of the operator∆k. In the limit exp(−λkt)→ 0 if λk > 0, andexp(−λkt) =



Fig. 6. The1-Laplacian flow on a simplicial complex with trivial (co)homology in dimension one. The corresponding dynamical systemis
asymptotically stable, resulting in zero energy in the limit.

1 for all t if λk = 0. Combining these observations, we see that

‖ω(t)− ω∞‖ =
∥∥∥exp(−∆kt)ω(0)− lim

t→∞
exp(−∆kt)ω(0)

∥∥∥ ,

≤

∥∥∥∥∥∥

nk∑

k=βk+1

vk exp(−λkt)v∗k

∥∥∥∥∥∥
‖ω(0)‖ ,

=




nk∑

k=βk+1

exp(−2λkt)




1/2

‖ω(0)‖ .

≤ (nk − βk − 1) exp(−λ+t) ‖ω(0)‖ . (5)

Once again, we note that the convergence is dominated by the smallest positive eigenvalueλ+. Typically, the number of
simplicesnk is much bigger than the number of holesβk in the simplicial complex. Therefore, combining the inequalities
4 and 5, we have

1

λ+
‖∆kω(t)‖ ≤ ‖ω(t)− ω∞‖ ≤ nk exp(−λ+t) ‖ω(0)‖ . (6)

These bounds give an estimate of how closeω(t) is to being harmonic. This is demonstrated in the graph of Figure 7,
which shows the decay of‖∆kω(t)‖ in the simulation of Figure 6. We say that thek-form ω(t) is ε-harmonic at time
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Fig. 7. The graph of‖∆1ω(t)‖ against time shows an asymptotic convergence to zero.

t, if ‖ω(t)− ω∞‖ ≤ ε. Therefore,ω(t) is ε-harmonic for all

t ≥ tε =
1

λ+
ln

(
ε

nk‖ω(0)‖

)
.

For the special case whenHk(X ; R) = 0, the system stabilizes at zero, i.e.ω∞ = 0. We say that thek-form ω(t) is
ε-trivial, if ‖ω(t)‖ ≤ ε for all t ≥ tε .

V. D ISCUSSION ANDFUTURE WORK

In the context of relevant problems in networked sensing andcontrol, this paper provokes the following questions
and observations.

1) Decentralized computation: Equation 2 suggests that the Laplacian flow can be implemented in a distributed
manner at the simplex level, involving only those simplicesthat are upper or lower adjacent to a given simplex. This
is desirable from the point of scalability and efficiency in networked systems and may emerge as a decentralized
method of computing homology/cohomology groups. Questionremains however, as to how to make this method
independent of the initial conditions of the dynamical system, so as to detectall homology classes of the network.

2) Near-harmonic forms and quantitative topology: The operation of the Laplacian on a co-chain indicates how close
it is to being a cohomology class. This lets one to quantify the fragilities of a simplicial complex. The eigenvectors
corresponding to small non-zero eigenvalues indicate whatparts of the complex are close to becoming holes. This
is a more useful abstraction of network holes than merely knowing their absence or presence. Work needs to be
done in order to quantify these notions more carefully.

3) Global Vs. Local: Empirical evidence suggests that the energy distribution of the harmonic forms is related to
whether the holes in a simplicial complex are ‘big’ or ‘small’. The smaller the hole, the more concentrated is the
energy on the simplices close to the hole. Again, this is useful for distinguishing between local and global features
of a network. However, the relationship is more complex thanthis as it also depends on the density of simplices
within various parts of the complex. The above mentioned interpretation is useful only under the assumption of a
uniform density.



4) Consensus at simplex level: The graph Laplacian has emerged as an important tool for studying consensus
algorithms at the node level. The generalization presentedin this paper suggests that the Laplacian flows could
be useful for establishing consensus at the edge-level or ata higher simplex level.

The further investigation of these questions is a subject ofour current research.
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